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When light is reflected from a surface (see Sees. 16 and 20), 
the most strongly reflected regions of the spectrum are those 
which are absorbed most strongly upon passing through the 
bulk of the material. Hence the colour of a substance due to 
selective reflection is in addition to the colour of the same 
substance due to selective absorption. 

Example 15.1. Express the group velocity (15.40) as a 
function of the refractive index and wavelength. Find the 
group velocity in water for A. = 656.3 nm if the refractive index 
of water at 20 °C is 1.3311 for this wavelength, and 1.3314 for 
A.= 643.8 nm. 

Since OJ = 2rrc/(n'A.), k = 2rr/A., we obtain from (15.40) 
v = d [2nc/(n'A.)] = c (nd'A. + A.dn)/(n2 A. 2) = 1 + dn). 

g d (2n/A.) . d'A./A. 2 n n d'A. 
(15.44) 

Substituting numerical values into this equation, we obtain 
3 x 108 

( 656.3 0.0003) 
vg = 1 + ---- m/s = 2.28 x 108 m/s. 

1.3311 1.3311 12.5 

SEC. 16. REFLECTION AND REFRACTION OF LIGHT AT 
THE INTERFACE BETWEEN TWO DIELECTRICS. 
FRESNEL'S FORMULAS 

It is shown that the boundary 
conditions for- the electric and 
magnetic field vectors of waves 
completely determine the laws 
of reflection and refraction. 

BOUNDARY CONDITIONS. Dielectrics have different 
values of permittivity. The behaviour of a wave at a boundary 
is completely determined by the boundary conditions for the 
field vectors of the waves. In the absence of free charges and 
conduction currents, these conditions have the form 
D2n =Din' B2n =Bin' 
E2, = E1,, H2, = H1,, 

(16.la) 
(16.l b) 

where the subscripts n and 't denote the normal and tangential 
components of the vector respectively. The quantities corre-
sponding to the incident, reflected and refracted waves will be 
denoted respectively by the subscripts "in", "refl" and "refr". 
The quantities corresponding to the medium in which the 
incident and reflected waves propagate will be assigned the 
subscript 1, while the subscript 2 will be used for the medium 
in which the refracted wave propagates. In particular, the 
permittivity of these two media is given by E1 and E2 • 
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The electric field strengths of the incident, reflected and 
refracted plane waves are given by the formulas 
Ein = 
E ren = E - i <wr•n' -k rcn ·r >, 
Erefr = 

(16.2) 

The wave numbers are connected with the velocities of the 
wave propagation in these media through the relations 
kin= ffiin/V1, krefl = ffiren/V1, krefr = ffirefr/V2, (16.3) 
where v1 = (s1µ1)- 1, v2 = (s2µ2)- 1 represent the velocities of 
the wave propagation in the first and second media. The 
expressions for the magnetic induction vector are obtained 
from the general rule: the vector B is perpendicular to E, 
oscillates in the same phase as E (in dielectrics), and has 
a magnitude IB I = IE 1/v, where v is the velocity of wave 
propagation. 

The laws of reflection and refractlu11 are obtained as 
a consequence of the application of boundary conditions (16.1) 
to vectors (16.2) and to the corresponding magnetic field 
vectors. 

CONSTANCY OF THE WAVE FREQUENCY UPON 
REFLECTION AND REFRACTION. The boundary condi-
tions for the tangential components of the electric field 
strength have the form 

-k;0 ·r) + -krefl ·r)]t 
= (16.4) 

where the radius vector has an arbitrary origin. The radius 
vector can be presented in the form r = r n + rt' where r n and r, 
are the normal (to the surface) and tangential components of 
the radius vector. In other words, r n joins the origin of the 
radius vector along the normal with the corresponding point 
on the interface, while rt lies on the interface and joins the tip 
of the vector r n with the tip of the vector r. The equality 
k ·r =kn ·rn + k. ·rt, where kn and kt are the normal and 
tangential components of the wave vector, means that as we go 
over from one point on the surface to another, the scalar 
product kn· r n remains constant and all the variation in the 
value of k · r is reduced to the variation in kt ·r ,. Hence, for 
reasons which will become clear soon, it is expedient to choose 
the origin of the radius vectors at a point on the interface of 
the two media. For the rest, this point is arbitrary. To avoid 
complication of the formulas, we shall denote, as before, the 
radius vector r without the subscript "t" although it lies on the 
interface. Equality (16.4) can be identically satisfied for 



Fig. 58. Refraction of light for 
ni > ni. 
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arbitrary and independent variations of t and r only if 
, COint = COreflf = COreflf, (16.5) 

kin. r = krefl. r = krefr. r. (16.6) 
It follows from (16.5) that 

(16.7) 

i. e. the frequency of an electromagnetic wave does not change 
as a result of reflection or refraction. 

THE PLANE OF INCIDENT, REFLECTED AND 
REFRACTED RAYS. We shall call the direction characte-
rizing the wave vector k a ray. We choose the origin of the 
vector r on the interface in such a way that this vector is 
perpendicular to the vector kin, i. e. the condition 
kin ·r = 0, (16.8) 
is satisfied. From (16.6), we obtain 

krefl . r = krefr . r = 0' (16.9) 
which means that the vectors krefl and krefr are also perpen-
dicular to r. This shows that the wave vectors of the incident, 
reflected and refracted rays all lie in the same plane. 

RELATION BETWEEN THE ANGLES OF INCI-
DENCE, REFLECTION AND REFRACTION. Let us fix 
the origin of the rectangular Cartesian coordinate system at 
the point of incidence of a ray. We direct the Z-axis towards 
the medium in which the refracted ray propagates, and assume 
that the XZ-plane coincides with the plane in which the 
incident, reflected and the refracted rays lie (Fig. 58). The 
vectors kim krefl and krefr are applied at the point 0. (To 
simplify the drawing, these vectors have been plotted sepa-
rately from this point along straight lines characterizing the 
propagation of these waves.) The unit vector n is directed into 
the second medium along the normal to the interface. The unit 
vector '! lies on the interface along the X-axis, and is 
a tangential vector. It should be recalled that the unit vectors 
are dimensionless. The angles Sin' 8ren and 8refr are measured 
from perpendiculars to the interface and are respectively called 
the angles of incidence, reflection and refraction. The plane 
containing the incident wave vector and the normal to the 
interface at the point of incidence of the ray is called the plane 
of incidence of the ray. 

The origin of the vector r is fixed at the point O' on the 
negative side of the X-axis of the coordinate system. 
Consequently, the vector r = rt is oriented along the positive 
direction of the X-axis. It can be seen from Fig. 60 that 
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Fig. 59. Refraction of light for 
nz < ni. 
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kin. r =kin "'tr = kinr sin ein' 
krefl . r = krefl . 'Cr = kreflr sin erefl' 
krefr. r = krefr. 'tr = krefrr sin 0refr· 

This gives [see (16.6)] 
kin sin ein = krefl sin erefl = krefr sin erefr. 

(16.10) 

(16.11) 
These relations can be simplified by taking into account (16.3): 

(16.12) 

It follows from (16.12) that sin ein = sin 0ref1' i. e. 

(16.13) 

(16.14) 

where n12 = vifv2 is the refractive index of the second medium 
relative to the first. The refractive indices of the first and 
second media relative to vacuum are, by definition, given by 
n1 = c/v1 , n2 = c/v2 • (16.15) 
Hence 
n12 = n2 /n 1 . (16.16) 

Equation (16.13) shows that.the angle of reflection is equal 
to the angle of incidence, while. relation (16.14) expresses the 
Snell law of refraction: the ratio of the sine of the angle of 
incidence to the sine of the angle of refraction is equal to the 
refractive index of the medium containing the refracted ray 
relative to the medium containing the incident ray. 

The refractive index depends on the wavelength and 
temperature and (for gases) on pressure also. For example, the 
refractive index of water at 20 °C is equal to 1.3308, 1.3330, 
1.3374 and 1.3428 for wavelengths 678.0, 589.3, 480.0 and 
404. 7 nm respectively. If a very high accuracy is not required 
for the refractive Index we can use the value n = 1.33. Under 
normal conditions, the refractive index of gases differs from 
unity by 10- 3 or 10-4 . For example, at 0 °C and under 
atmospheric pressure, the refractive index n of nitrogen is 
1.000297, and the corresponding values for oxygen and air are 
1.000272 and 1.000292 respectively. Usually, the value 1.0003 
is used for air. The refractive index of flint lies between 
1.6 and 1.9, while for crown glass its value lies between 1.5 and 
1.6. The refractive index of diamond is 2.4. · 

Figures 58 and 59 show the path of rays for n2 > n1 and 
n2 < n1 . In the latter case, it can be seen that for a certain 
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Fig. 60. The angle of refraction 
is equal to 7t/2 for limiting 
angle of incidence. 

x 
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Fig. 61. Decomposition of a 
plane wave into two waves po-
larized in mutually perpendicu-
lar planes. 
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angle of incidence Sin = Slim• called the limiting angle, the 
angle of refraction becomes equal to n/2, i. e. the refracted ray 
moves along the interface (Fig. 60), and there is no refracted 
ray in the second medium. Taking (16.14) into account, we 
obtain from (16.16) 
sin Sum = n2 /n 1 (n 2 < n1). (16.17) 

For angles of incidence exceeding Slim• Eq. (16.14) does not 
have a solution in the domain of real values of the angle erefr· 
Hence the situation arising in this case cannot be represented 
in the same way as in Figs. 58 and 59. This case requires 
a special analysis (see Sec. 17). 

DECOMPOSITION OF A PLANE WA VE INTO TWO 
WAVES WITH MUTUALLY PERPENDICULAR LINEAR 
POLARIZATIONS. For. a more clear presentation of the 
energy relations for reflection and refraction, it is expedient to 
split the general case of the incident wave, where the vector Ein 
is inclined at an arbitrary angle to the plane of incidence into 
two cases: when the vector Ein lies in the plane of incidence, 
and when it is perpendicular to this plane. F ot this purpose, we 
must prove that a plane wave can be presented as the sum of 
plane waves with mutually perpendicular polarizations, 
moreover, the sum of the energy flux densities of these two 
waves should be equal to the energy flux density of the initial 
wave. This relation does not follow directly from the principle· 
of superposition. 
· We shall use the subscripts II and 1- to denote the vector 
components lying in the plane of incidence and in a plane 
perpendicular to it. Since the reflected and refracted rays also 
lie in the plane of incidence, the electric field strength vectors 
for the incident, reflected and refracted waves have the 
following form in accordance with the principle of super-
position: 

. E in =E inll +E in_l_' E refl =E reflll +E refl_l_' 
(16.18) 

E refr =E refrll +E refr J_ • 

The magnetic induction vectorsB can be also represented in 
a similar manner. Figure 61 shows this decomposition of field 
vectors. The Z-axis is perpendicular to the plane of the figure 
and is directed away from us. The wave propagates along the 
Z-axis. The XZ-plane is the plane of incidence. It can be seen 
from Fig. 61 that the following relations exist between the 
components of the field vectors: 
E11 /BJ_ = Ecosa/(Bcosa) = E/B, 
EJ_/B11 = Esina/(Bsina) = E/B. 

(16.19) 
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Fig. 62. Electric field strength 
of the incident wave is perpen-
dicular to the plane of inci-
dence. 
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Moreover, it is obvious that the vectors (E 11 , Bi_, k) and 
(Ei_, B11 , k) form right-handed triples of vectors. Hence we 
conclude that these vectors themselves form plane waves. The 
equality E2 = + El shows that the energy flux density of 
the initial wave is equal to the sum of the energy flux densities 
of the waves into which it is decomposed. This proves that 
a plane wave whose vector E is arbitrarily oriented relative to 
the plane of incidence can be decomposed as a sum of two 
waves, one of which has its electric field strength vector in the 
plane of incidence, and the other vector in the plane perpen-
dicular to it. By studying the behaviour of these waves upon 
reflection and refraction through a direct application of the 
principle of superposition and the additivity of the energy flux 
density, we obtain all the characteristics of the wave with an 
arbitrary orientation of the electric field strength vector. 

VECTOR EIS PERPENDICULAR TO THE PLANE OF 
INCIDENCE (Fig. 62). The vectors and are 
unit vectors, i. e. the wave vectors are connected with these 
vectors through the relations kin = kin, etc. The values of 
the remaining quantities are the same as in Fig. 60. We shall 
assume that &n is directed towards us. To simplify the 
formulas, we shall omit the subscript ..L, since we are con-
sidering strengths perpendicular to the plane of incidence. If 
the vector En is directed towards us, then the vector Bin will be 
directed as shown in Fig. 62. The direction of vectors Erefl and 
&err is not known beforehand. Hence we can solve the 
problem by assigning arbitrary directions to these vectors. If 
the solution gives the negative sign of these vectors, they will 
be opposite to the a§signed direction. We shall assume 
that &en and· · ec · ds The 
v c ors en and Breer will then be oriented as shown in 
Fig. 62. 

The boundary conditions (16.lb) for the continuity of the 
tangential components of the electric and magnetic field 
strengths have the form 
Ein + Erefl = Erefr, 
(Hn + Hen) t = Herr t. 

(16.20a) 
(16.20b) 

For subsequent transformations, it is convenient to represent 
the vector H in terms of the vector E: 
H= If x F/Z, (16.21) 
where 
z = .jµji. (16.22) 
is the wave impedance of the medium. Note that for vacuum, 

= 377 .Q. Considering that the vector is perpendi-

f, 

l 
i 
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cular to the plane of the figure and is directed towards us 
(Fig. 62), we conclude that 
t = B.n x n/ . (16.23) 

Hence the tangential component H of the incident, reflected 
and refracted waves can be presented in the form 
H· t = (k(O) X E)(B.n X cl/(ZEin) = - E(k(O) • cl/Z, (16.24) 
where H, E, Zand k stand for the corresponding quantities for 
the incident, reflected and refracted waves. 

While carrying out the transformations in (16.24), we have 
used the familiar formula from vector algebra: 
(Ax B)(C x D) =(A· C)(B· D) - (A· D)(B· C), (16.25) 
and considered that k0 

• Ein = 0, E · Ein = EEin for all waves. 
The wave impedance of ·the medium for the incident and 
reflected waves is Z1, and for the refracted wave it is equal to 
Z 2 • Taking (16.24) into account, the boundary conditions 
(16.21) can be presented in the form 
(l/Z1)[Ein(J<lg>cl + = n). 

. (16.26) 
FRESNEL'S FORMULAS FOR THE PERPENDICU-

?t LAR COMPONENTS OF THE FIELD VECTOR. Equa-
...b.a.. tions .(16.2?a) ankd (16.26) w/Eritten dasEa sy/sEtem of two . 

equations m un nown ratios refl in an refr in: 
'CJ'.'"'/Y..0..,-"J '1 ..., 1 + Eren/Ein = Ererr/Ein, (16.27a) 
\\--C.1't'\.Qf\ \10 '; I I ._. . (0) . (0) (0) (km n) + (Eren/EinHkrenn) = (Zi/Z2Hl<lerrnHErerr/Ein). 

The solution of this system is given by 

* 

+ Z 1 · n)], 

(16.27b) 

(16.28a) 

(Erefr/ Ein)J = 2Z2 (kig> · n)/[Z2 (kig> · n) + Z 1 · n)], 
(16.28b) 

where · n = - kPn · nJ since the angle of incidence is equal 
to the angle of reflection. 

In accordance with (16.14), the angle ofrefraction is defined 
by the relation . 

(16.29) 
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For n2 > n 1 , this equation in 0refr has a real solution for all 
angles of incidence ein· If, however, n2 < n1 , it will have a real 
solution only for angles of incidence that are smaller than the 
critical angle [see (16.17)]. Hence formulas (16.28) can be 
conveniently expressed in terms of the angles of incidence and 
refraction. In view of the fact that kPn. n =cos ein• k?efr. n = 
cos srefr• we can write (16.28) in the form 

Z 2 cos Sin - Z 1 cos Srefr 
_Z2 cos Sin + Z 1 cos Srefr 

2cos sin 

Using the relation 
Z 1/Z2 = µ1 sin Sin/(µ2 sin Srefr), 
we can write the above formulas in a different form: 

(16.30a) 

(16.30b) 

(16.31) 

If the magnetic properties of the media on different sides of the 
interface are identical (µ1 = µ2), we obtain the following 
relations from (16.32a) and (16.32b): 

( 
Eren) = _ (Sin -
Ein J_ sm (Sin + Srerr) 

2 cos sin sin srefr 
sill (Sin + Srerr) 

(ni/n 2 ) sin 28in 
sin (Sin + Srerr). 

(16.32c) 

(16.32d) 



Fig. 63. Dependence of (Eren/ 
Einh on the angle of inci-
dence for n1 < n2 • 
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Fig. 64. Dependence of (Ererrl 
Einh on the angle of inci-
dence for n1 < n2 • 

Fig. 65. The electric field 
strength vector of the incident 
wave lies in the plane of inci-
dence. 

9-768 
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These relations are called Fresnel's formulas for wave oscilla-
tions perpendicular to the plane of incidence. Fresnel 
(1788-1827) derived these relations in 1818 long before the 
emergence of Maxwell's electromagnetic theory of light, con-
sidering light as the oscillations of an elastic medium, the ether.. \ 

For normal incidence, Eqs. (16.30) lead to the relations (tl)>v.=- ·D ) 

(Eren/Einh = (µ2n1 - µin2)/(µ2n1 + µin2), (16.33a) 
(Ererr/Ein)J_ = 2µ2ni/(µ2n1 + µ1n2). (16.33b) 

For media with identical magnetic properties (µ1 = µ2) on 
two sides of the interface, we obtain 
(Eren/Ein)J_ = (n1 - n2)/(n 1 + n2 ), (16.33c) 
(Ererr/Ein)J_ = 2ni/(n1 + n2 ). (16.33d) 

Of course, formulas (16.33c) and (16.33d) can be also 
obtained from (16.32c) and (16.32d) by using the familiar 
mathematical methods for evaluating an indeterminate form in 
them. 

Figures 63 and 64 show the variations in (Eren/ Ein) J_ and 
(Ererr/Ein)J_ with Sin for n1 < n2 in accordance with formulas 
(16.32c) and (16.32d). It can be seen in Fig. 63 that (Eren/Ein)J_ 
is a negative quantity for all angles of incidence. This means 
that the direction of the vector J;refl is opposite to that shown 
in Fig. 62. In other words, when light is reflected at the 
interface with a medium having a higher refractive index, the 
phase of the reflected wave changes by n (the sign of the 
electric field strength is reversed). It can be seen from Fig. 64 
that (Ererr/Ein)J_ is always positive. Hence in this case the phase 
does not change as a result of refraction. 

For incidence ·angles smaller than the limiting angle for 
n1 > n2 , it can be seen that Sin< ererr· Hence in formula 
(16.32c) sin(0in - 0rerr) < 0 and (Eren/Einh > 0. This means 
that when light is reflected at the interface with a medium 
having a smaller refractive index, the phase of vector E does 
not change. The refracted wave also has the same phase as the 
incident wave. 

VECTOR E LIES IN THE PLANE OF INCIDENCE 
(Fig. 65). For all waves the . vectors B are assumed to be 
directed away from us (behind the plane of the figure). In this 
case, we obtain instead of (16.21) and (16.23) the following 
relations: 
E = ZH x k_(O) ' 

T = n x Hin/Hin· 
It follows from here that 

E-T = - ZH(k.<0> • n) = - E(k.<0> • n). 

(16.34) 
(16.35) 

(16.36) 
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Hence the boundary conditions for the tangential compo-
nents of the electric and magnetic fields, i. e. 
IBin + Erefl) · t = Erefr · t' 
and 
Hin + Hrefl = Hrefr' 
assume the form 
Ein ·n) + Erefl ·n) = (Ein - ·n) 
= Erefr (k · n), 
(Ein + Eren)/Z1 = Ererr/Z2 · 

(16.37) 

(16.38) 

(16.39) 
(16.40) 

FRESNEL'S FORMULAS FOR PARALLEL COMPO-
NENTS OF FIELD VECTOR. Solving these equations in 
Eren/Ein and Ererr/Ein' we obtain in complete analogy with 
(16.28) 

(16.41a) 

(16.41b) 

For real refraction angles (if n2 > n1) and for 91n < 9refr (if 
n2 < n1), we obtain the following formulas analogous to (16.30) 

(16.42a) 

(l6.42b) 
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For µ1 = µ2, we can transform these formulas with the help 
of (16.31): 

(16.43a) 

( 
Erefr) 4 cos 0in sin 0refr 
Ein II = sin 20in + sin 20refr 

2 cos 0in sin 0refr 

(16.43b) 

These formulas are called Fresnel's formulas for the electric 
field strength components of a wave lying in. the plane of 
incidence. Together with (16.32), they give a complete solution 
of the problem of the behaviour of electromagnetic wave fields 
upon reflection and refraction at the interface of two dielectrics 
for an arbitrary orientation of the incident wave vectors 
relative to the plane of incidence. 

For normal incidence (0in = 0), these formulas are simpli-
fied: 

(16.44a) 

(16.44b) 

At first glance, it seems that formula (16.44a) is in contra-
diction to formula (16.33a) since for normal incidence at the 
interface, the plane.of incidence can be assumed to be oriented 
arbitrarily and hence there should be no difference in the 
formulas for· parallel and perpendicular components, while 
(16.44a) and (16.33a) have opposite signs. However, there is' no 
contradiction between these formulas in actual practice. As 
a matter of fact, formula (16.33a) was derived for the case when 
the vectors Ein and Erefl have the same direction in the case of 
normal incidence (see Fig. 64) and the ratio Ein/Erefl is 
assumed to be positive. On the other hand, formulas (16.44a) 
were derived for the case in which the vectors Ein and Eren 
were assumed to ·be directed opposite to each other with the 
normal incidence (Fig. 65), so that the ratio was 
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0 

assumed to be negative. The difference in the signs of formulas 
(16.33a) and (16.44a) reflects this difference in the initial 

oin assumptions made for deriving these formulas. 
Figures 66 and 67 show the plots of (Eren/ Ein)ll and 

(Erecrl Ein)11 as functions of the angle of incidence Sin for n1 < n2 
given by formulas (16.43). Figure 67 is similar to Fig. 64. 
Together, these figures show that for any orientations of the 
electric field strength for the incident wave, no phase differ-

-1-------

Fig. 66. Dependence of (Eren/ ences arise as a result of refraCtion. Moreover, it can be seen 
Ein)ll on the angle of incidence that when the wave incidence is tangential to the interface 
for ni < n2 · (Sin = rc/2), there is no refracted wave. 

BREWSTER EFFECT. An analysis of the path of rays 
shown in Fig. 66 reveals that for waves whose electric field 

_______ 1 vector lies m the plane of incidence at an angle of incidence 98 , 

there is no reflected wave at all. This phenomenon was 
I discovered experimentally in 1815 by Brewster (1781-1868) and 
I is called the Brewster effect. The angle eB is determined from 
I formula (16.43a) under the condition (Eren/Ein)ll = 0, i. e. when 

the denominator of the right-hand side of the equality turns to 
0 · 1T/ 2 6in infinity. Thus, this. angle is obtained from the condition 

Fig. 67. Dependence of (Ererrl eB + erefr B = rc/2, where erefr B is the angle of refraction 
Ein)u on the angle of incidence corresponding to ein = eB. According to the Snell law of 
for n1 < n2 • refraction, nl Sin 9B = n2 Sin 9refr B = nz Sin (rc/2 - 9s) = n2 COS 9B. 

' • 
As a result of reflection, the 
phas.e of oscillations changes by 
7t either for the electric field 
vector or for the magnetic field 
vector, in accordance with 
Fresnel's formulas. The, phases 
of oscillations of wave vectors 
remain unchanged as a result of 

· · 
In the case of incidence ·at the 
Brewster angle, only the wave 
whose vector E oscillates 
perpendicular to the plane of 
incidence is reflecte9. 

Hence we obtain the equality 
tan 9B = nz/n1. (16.45) 

This formula is called the Brewster law and the angle at 
which there is no reflected wave is called the Brewster angle. It 
can be seen from Fig. 66 that the ratio (Eren/ Ein)ll is positive 
for ein < eB and negative for ein > eB. This means that while 
passing through the Brewster angle, the phase of the reflected 
wave abruptly changes by re. 

Since for a wave incident at the Brewster angle the 
component of Ein lying in the plane of incidence is not 
reflected, the reflected wave contains only the electric field 
strength component.perpendicular to the plane of incidence. In 
other words, the reflected light is completely polarized. 
Reflection at the Brewster angle is one of the ways of obtaining 
linearly polarized light. 

The Brewster effect is due to the transverse nature of 
electromagnetic waves .. Under the influence of the incident 
wave, the electrons of the medium begin to oscillate and emit 
secondary waves which combine with the primary wave. At the 
substitution length (see Sec. 15), the incident wave is complete-
ly replaced by a wave emitted by the oscillating electrons of the 
medium. The· line of oscillation of electrons is collinear with 
the vector E of th{'. wave. At the Brewster angle, when the angle 

',:I 
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Write down the boundary 
conditions for the field vectors 
of a wave which completely 
define the laws of reflection and 
refraction. Which physical 
factors completely determine 
the value of the Brewster angle? 
Why is the incidence at t

1

he 
Brewster angle the most 
effective means of experimental 
verification of Fresnel's 
formulas? 
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between the reflected and the refracted waves would be 90°, the 
electrons of the medium which generate the refracted wave 
oscillate along a line parallel to the direction in which the 
reflected wave must propagate. Since an electron cannot emit 
an electromagnetic wave along the line of its oscillations, there 
is no reflected wave. 

By studying the reflection of light at angles close to the 
Brewster angles, we can subject Fresnel's formulas to experi-
mental verification with an extremely high degree of accuracy. 
This is due to the fact that the intensity of the wave which is 
reflected at the Brewster angle (and in which the vector 
oscillates in the plane of incidence) is equal to zero. Such 
a statement is convenient for experimental verification since 
there is no need to observe the angle of incidence precisely. It is 
sufficient to vary the angle of incidence continuously near the 
Brewster angle. As the angle- of incidence becomes equal to the 
Brewster angle, the intensity of the wave with appropriate 
polarization must turn to zero. Moreover, measurements of 
zero type are usually more precise. According to the second 
statement, which is convenient for experimental verification, 
a wave reflected at the Brewster angle is exactly linearly 
polarized with its electric field vector oscillating perpendicular 
to the plane of incidence. In this case also, measurements of 
zero type are possible. 

An analysis of the light reflected at the angle has 
shown that there are slight deviations from the predictions of 
Fresnel formulas. It has been found that there is no angle of 
incidence for which the reflected wave with its electric vector 
oscillating in the plane of incidence has zero intensity and for 
which the electric vector of the reflected wave oscillates along 
a line perpendicular to the plane of incidence. If the vector E of 

· an incident linearly polarized wave is perpendicular to the 
plane of incidence, the wave reflected at the Brewster angle is 
found to be elliptically polarized, which is in contradiction 
with Fresnel's formulas predicting a linear polarization. It is 
also clear that the existence of a component of vector E of an 
elliptically polarized wave in the plane of incidence explains 
the absence of an angle at which the intensity of the reflected 
wave with appropriate polarization is zero. 

The departure from Fresnel's formulas is explained by the 
fact that reflection and refraction take place uot at the 
mathematical boundary of two media, but over a thin surface 
layer between them. The properties of the transition layer 
differ from the properties of the media which it demarcates. 
Hence the phenomena of reflection and refraction cannot be 
reduced to an abrupt and instantaneous change of parameters 
describing a wave, as was assumed in the derivation of 
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Frcsnel's formulas. The thickness of the transition layer 
responsible for reflection and refraction has the order of 
interatomic distance. 1n such a layer, the process of reflection 
and refraction cannot be described with the help of Maxwell's 
equations formulated under the assumption that the medium 
is continuous. We must use Maxwell's equations for vacuum 
and the transition layer must be represented by taking into 
account its molecular structure. Such an approach explains the 
departure from Fresnel's formulas. The deviations from Fre-
snel's formulas for angles differing from the Brewster angle are 
hard to observe. · 

RELATION BETWEEN THE PHASES OF REFLECT-
ED AND REFRACTED WAVES. The direction of wave 
propagation is associated with the mutual orientation of 
vectors E and Hin a wave through the right-hand screw rule. 
This means that upon reflection, the phase difference in the 
oscillations of E and H changes by 1t, while in the case of 
refraction the phase difference remains unchanged .. The be-
haviour of the phases of waves upon reflection and refraction 
can be analyzed with the help of Fresnel's formulas and 
described as follows. 

Under all conditions, refraction takes place without any 
change in the phase of the waves. In the case of reflection, the 
change in phase is determined by the conditions of reflection. 

If a wave is incident on an interface from a medium with· 
a lower optical density at any angles of incidence, the phase of 
the perpendicular component of the electric field strength in 
the reflected wave changes by 1t, i. e. Eren .l and Ein .l have 
opposite phases at the interface. The phase of the parallel 
component E11 changes only for incidence angles smaller than 
th(! Brewster angle. For angles of incidence exceeding 0B, the 
phase of the parallel component Eren 11 remains unchanged (i. e. 
in this case the phase of the magnetic field strength changes by 
1t). 

When waves are incident at the interface from an optically 
denser medium at. any angles of incidence, the phase of the 
perpendicular component of the electric field strength of the 
wave remains the same (i. e. in this case the phase of the 
magnetic field strength changes by 1t). The phase of the parallel 
component remains unchanged only for angles of incidence 
smaller than the Brewster angle. For angles of incidence 
exceeding 08 , the phase of the parallel component of the 
electric field strength of the reflected wave changes by 1t (and · 
hence the phase of the magnetic field vector in the reflected 
wave does not change). · 

DEGREES OF POLARIZATION. The variation in the 
polarization of light upon reflection or refraction is described 
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by the degree of polarization: 

P = (I .L - 111)/(l .L +/111). (16.46) 

For unpolarized light, P = 0. For completely polarized light, 
when the plane of oscillations of vector E is perpendicular to 
the plane of incidence, P = 1. If the vector E lies in the plane of 
incidence, then P = - 1. With the help of definition (16.46), we 
can consider the polarization of light in the analysis of 
reflection and refraction. It must, however, be borne in mind 
that in the general theory of partially polarized light (see Sec. 
30), the degree of polarization indicates the quantity (30.63) 
and not (16.46), although the two quantities are termed in the 
same way and have the same notation. 

SEC. 17. TOTAL REFLECTION OF LIGHT 
The total reflection of light is 
analyzed and the properties of 
a wave penetrating another me-
dium are studied. 

FORMULAS FOR ANGLES 0in 0um· Total reflection 
takes place for n1 > n2 and 0in > 0um [see Fig. 59 and 
(16.17)]. The most important physical characteristic of total 
reflection is the absence of a refracted wave. In this case, Eq. 
(16.14) does not have a solution in the domain of real values of" 
the angle of refraction 0refr· To analyze total reflection, we 
must express the laws of refraction through formulas that are 
also valid for n1 > n2 and 0in > 0um· To begin with, we can 
represent Eqs. (16.11) in the form 
kin = krefl t = krefr t' (17.1) 
where kin =kin sin 0in• krefl t = krefl sin 0refl' krefr t = krefr x 
sin 0refr are respectively the tangential components of the wave 
vectors of the incident, reflected and refracted waves. The 
relations between the normal components of the wave vectors 
of these waves (assuming that the positive normal is the one 
directed towards the second medium, see Fig. 59) are obtained 
from the obvious equalities 
kfn = kfn t + kfn n' 

in combination with relations (17.1): 
krefl n = - kin n ' k;efr n = - kfn t ' 

(17.2) 

(17.3) 
where k2 is the magnitude of the wave vector in the second 
medium (wave number), and the negative sign in the first of 
equalities (17.3) indicates that the reflected wave moves in 
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a direction opposite to the positive direction of the normal, 
while the refracted wave moves in the same direction as the 
positive normal. We note that kin,= k1 sin ein• where k1 is the 
wave number in the first medium. Under condition (17.1), Eqs. 
(17.3) assume the form 
krefr '!: = k1 sin ein' (17.4) 
k;err n = - kf sin28in = [l - (nifn2)2sin28inJ. (17.5) 

In this form, the formulas . are valid for any values of the 
angle ein and of the ratio nifn2 • The angle ererr is determined 
from the relations 

(17.6) 

If this angle has a geometrical interpretation like the one 
shown in Figs. 58 and 59, its physical meaning is obvious: it is 
the angle of refraction. In the case of total reflection, this angle 
does not have a geometrical interpretation although formulas 
(17.4) and (17.5) remain valid and erefr is defined, as before, by 
equality (17.6). 

Substituting krefr, and krefr n from (17.6) into formulas (17.4) 
and (17.5), we obtain the laws of refraction: 
n 1 sin ein = n2 sin erefr' 
cos28refr = 1 - (nifn 2)

2 sin28in. 
(17.7) 
(17.8) 

These two relations are in complete mutual agreement, since 
cos28refr = 1 - sin28refr· Formula (17.7) is identical with the 
Snell refraction law (16.14). Formula (17.8) can be used to find 
the value of cos erefr not only when erefr has a geometrical 
meaning, but also when there is no such interpretation upon 
total reflection: 

WAVE IN THE SECOND MEDIUM. We direct the 
coordinate axes as shown in Fig. 60. The electric field 
strengths in the incident and refracted waves are given by the 
formulas 
Ein = exp [ - i(rot - kin ·r)] 
= exp { - i [ro·t - k1 (x sin ein + z cos ein)]}, (17.9) 
Erefr = exp [ - i (rot - krefr · r )] 

(17.10) 

where in accordance with (17.4) we can take krefr x = krefr, = 
k1 sin ein· The value of krefr, = krefr n is obtained from (17.5). 
Considering that the quantity in the square brackets in (17.5) is 
negative, we get 
k;efr n = k;efr z = - [(n1/n2)2sin ein - 1] 
= - [(sin ein/sin elim)2 

- 1J = - s2
' (17.11) 



' • In the case of total reflection, 
a ray penetrates the second 
medium to a depth of the order 
of magnitude of the 

. wavelength, and propagates in 
the second medium parallel to 
the interface with a phase 
velocity which is smaller than 
the phase velocity of the wave 
in the second medium. The ray 
returns to the first medium at 
a point which is displaced 
relative to the point of 
incidence. 
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where s is a real quantity. Hence krefr z = ± is, whose substitu-
tion into (17.10) leads to the appearance of the real multiplier 
exp ( + sz). Consequently, the general solution E refr for the 
refracted wave consists of two parts, one of which contains the 
multiplier exp (sz) and the other contains exp ( - sz). The 
multiplier exp (sz) increases to infinity as z---+ oo, which corre-
sponds to an unlimited increase in the amplitude as we move 
in the second medium away from its boundary with the first 
medium. Obviously, this is unacceptable from physical consi-
derations (the law of conservation of energy) and must be 
rejected. This leaves the term containing the multiplier 
exp (- sz), which has the form 
Erefr = e-szexp [ - i(ffit - k1x sin ein)J, (17.12) 
where 
s = k2 [(nifn2)2sin28in - 1] 1'2 

= (n2ffi/c) [(sin ein/sin elim)2 - 1] 112 . (17.13) 
PENETRATION DEPTH. Formula (17.12) describes a 

wave propagating along the interface of media. in the 
positive direction of the X-axis. The amplitude of this wave 
decreases exponentially upon moving from the interface into 
the second medium. The amplitude decreases by a factor of 
e at a distance 

1 A.2/(2n:) 
Li = - = [( I )2 . 28 J 112 , s n 1 n2 sm refr - 1 

(17.14) 

called the penetration depth (see Sec. 19). 

PHASE VELOCITY. In order to determine the phase 
velocity of the refracted wave in the direction of the X-axis, we 
must assume, as usual, the phase of wave (17.12) to be constant 
and differentiate it with respect to time: 

c 
V2x = . 8 kl Slll in 

(17.15) 
where v2 = c/n2 is the phase velocity of a plane electromag-
netic wave in the second medium. Since e. > 8r the velocity 
v2x is lower than v2• The wave described

1
by (17.12) is 

not a plane wave since its amplitude is not constant in a plane 
perpendicular to the direction of its propagation. The phase 
velocity of this wave is also not constant and depends on the 
properties of the medium as well as on the angle of incidence. 
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1 • 
How can the penetration of 
a wave into the second medium 
be observed upon total 
reflection? Is total reflection 
possible in the case of a wave 
incident at the interface from 
an optically less dense medium? 
Does the phase velocity of a 
wave penetrating the second 
medium and propagating 
parallel to the interface depend 
on the angle of incidence? 
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REFLECTED WA VE. The amplitude of the reflected wave 
can be determined with the help of formulas (16.28a) and 
(16.41a) which assume the following form when combined with 
relations (17.7), (17.8) and (17.13): 

Z 1 cos 0in + iZ2 (s/k2) 

Z 1 cos0in + .iZ2 (s/k2). 

This gives 
(Bren/ Einh = e2i"' .L • (Eren/ Ein)ll = e2 i"'ll 
where 

Z 1 (s/k2) Z 2 (s/k2) 
tan cp .L = - , tan cp 11 = - . 

Z 2 cos 0in Z 1 cos 0in 

(17.16) 

(17.17) 

(17.18) 

(17.19) 

Consequently, the amplitudes of the electric field Strength 
components of a plane wave parallel and perpendicular to the 
plane of incidence do not change in magnitude as a result of 
reflection, but undergo different phase changes. The equality of 
the magnitudes of amplitudes of the incident and reflected 
waves indicates the equality of their energy flux densities. 
Consequently, the energy flux of the incident wave is complete-
ly reflected and no part of the energy goes into the second 
medium. Hence such a reflection is called the total reflection. 
However, formula (17.12) shows that energy does penetrate the 
second medium. Considering that the energy is completely 
reflected, this penetration can be interpreted as follows: the 
wave and an appropriate part of energy penetrate the second 
medium through the interface to a very small depth A, move 
along the interface and then return to the first medium. The 
region where the energy enters the second medium is some-
what displaced with respect to the region where it returns to 
the first medium. 
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The penetration of a wave into the second medium can be 
observed experimentally. The intensity of an electromagnetic 
wave in the second medium has a significant value only at 
distances smaller than the wavelength. Near the interface at 
which the incident light experiences total reflection on the side 
of the second medium, the luminescence of a thin fluorescent 
layer can be observed if the second medium contains some 
fluorescent material. Tlils-- phenomenon is demonstrated in 
optics classes. The displacement of the exit point of the 
reflected light relative to the entrance point can also be 
demonstrated under laboratory conditions. 

The penetration of an electromagnetic wave into the second 
medium is also observed in the microwave region, and in the 
region of longer waves. In the centimeter wave range, the aerial 
detector can be placed at different distances from the interface. 
This allows not only to verify that the wave enters the second 
medium, but also to analyze quantitatively the dependence of 
the wave amplitude on the distance to the interface. 

Total reflection is responsible for the phenomenon of mirage 
when the ground is strongly heated. For example, if the road is 
very hot, the air temperature is the highest near the surface of 
the road and decreases away from it. Consequently, the 
refractive index of air has its minimum value near the surface 
and increases away from it. The rays incident at a very small· 
angle at the road surface will then undergo total reflection. It 
may so happen that a driver concentrating his attention at an 
appropriate part of the road may see a distant vehicle in an 
inverted position. Similarly, total reflection of light from, say, 
clouds may create the impression that there are puddles on the 
surface of a hot road, and so on. Vertical temperature 
gradients in combination with convection currents may give 
rise to quite strange types of mirage. 

SEC. 18. ENERGY RELATIONS FOR REFLECTION AND 
REFRACTION OF LIGHT 

The method of transition from 
the characteristics of a wave 
vector upon reflection and re-
fraction to the energy flux den-
sity characteristics is described. 

ENERGY FLUX DENSITIES. The energy flux density of an 
electromagnetic wave, averaged over a period, is given by 
formula (15.10). In vector notation, this formula can be written 
in the form 
S = (1/2)ve£<0>2 k<0>, (18.1) 
where k<0> is a unit vector in the direction of the wave 
propagation, and the sign of averaging of S has been omitted 
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for simplification of notation. Flux density (18.1) can be 
decomposed into normal and tangential components relative 
to the interface: 
S = Sn+ S0 

where 
Sn = ( S · n) n, Sr = ( S · 't) t . 

(18.2) 

(18.3) 
REFLECTION COEFFICIENT. The reflection coefficient 

is the ratio of the absolute magnitudes of the normal compo-
nents of the energy flux density of the reflected and incident 
waves: 

(18.4) 

Substituting (18.1) into - (18.4) and considering that 
I · nl = · nl =cos ein =cos eren' we obtain 
P =I Eren/Ein 1

2 
• (18.5) 

Considering the relations obtained earlier for the electric 
field strength in the reflected and incident waves for different 
orientations of :&n relative to the plane of incidence, we can 
find the reflection coefficients p J_ and p11 for perpendicular and 
parallel orientations of the vector Ein relative to the plane of 
incidence. Taking (16.30a) and (16.4la) into consideration, we 
can write on the basis of (18.5) 
p J_ = [(Z2 cos Sin - Z 1 cos 8rerr)/(Z2 cos Sin+ Z 1 cos 8rerr)J 2

, 

(18.6a) 
P11 = [(Z1 cos Sin - Z 2 cos 8rerr)/(Z1 cos Sin+ Z 2 cos 8rerr)J 2

• 

(18.6b) 
The right-hand sides of these equalities can also be ex-

pressed through Fresnel's formulas (16.32a) and (16.43a). 
When the wave is normally incident on the interface, we obtain 
the following relation with the help of (16.33a) and (16.44a): 
Pnorm = [(n1 - nz)/(11-1 + nz)]2 · (18.7) 

Let us estimate the reflection coefficient when light is 
normally incident from air to the surface of glass for which 
n2/n 1 1.5. Formula (18.7) shows that Pnorm = 0.04 in this 
case, which means that about 4% of the energy are reflected 
while the remaining 96% pass through glass. 

TRANSMISSION COEFFICIENT. The energy flux densi-
ty in a refracted wave is characterized by the transmission 
coefficient which is defined in the same way as (18.4): 
t =I Srerr · nl/I Sin .. nl. (18.8) . t 

I 
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Considering that 
kin n = k1 cos sin' kin r = k1 sin sin' 
krefr n = k1 cos srefr' krefr r = k1 sin srefr' 
combining these relations and (18.1), we can transform (18.8) as 
follows: · 

1' = Z1 cos srefr I Erefr 12 
Z 2 cos Sin Ein 

(18.9) 

In the same way as for (18.6), we obtain the following 
relations from here by using formulas (16.30b) and (16.41 b): 
1' J_ = 4Z 1Z 2 cos Sin cos Srerr/(Z 2 cos Sin + Z 1 cos Srerr)2

, 

(18.lOa) 
-r 11 = 4Z1 Z 2 cos Sin cos cos Sin+ Z 2 cos Srerr)2

. 

(18.IOb) 
For µ1 = µ2 , the right-hand sides of these equations can be 

presented with the help of Fresnel's formulas as functions of 
angles of incidence and refraction only. For normal incidence, 
the transmission coefficient is equal to 
'!norm= 4n1n2/(n2 + n1)2 (µ1 = µz). (18.11) 

LAW OF ENERGY CONSERVATION. A direct verifica-
tion with the help of formulas (18.5), (18.6), (18.8) and (18.10) 
shows that the reflection and transmission coefficients satisfy 
the relation 

p + 1' = 1, (18.12) 

which reflects the law of conservation of energy upon reflection 
and refraction. 

POLARIZATION OF LIGHT UPON REFLECTION 
AND REFRACTION. Natural light is unpolarized. In view of 
a difference between p j_, -r J_ and p11 , -r 11 , the reflected and 
refracted rays are partially polarized. Polarization upon reflec-
tion was experimentally observed in 1808 by Malus 
(177 5-1812). Using a crystal of Iceland spar, he observed the 
birefringence of a sun ray (see Sec. 42) reflected from the 
surface of a glass plate. As the glass plate was rotated around 
the ray as the axis, Malus observed that the relative intensity 
of the two rays obtained as a result of birefringence changes. 
This shows that the .sun ray is partially polarized as a result of 
reflection from the glass plate. Malus did not provide any 
theoretical explanation for polarization as a result of reflection. 
The polarization of light as a result of refraction was experi-
mentally discovered in 1811 by Malus and Biot (1774-1862). 
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SEC. 19. PROPAGATION OF LIGHT IN CONDUCTING 
MEDIA 

The method for taking into 
account the conductivity of a 
medillm is described. The in-
fluence of conductivity on the 
wave properties is discussed. 

COMPLEX PERMITTIVITY. The conductivity y of a homo-
geneous conducting medium is nonzero, and hence Maxwell's 
equations (2.47)-(2.49) remain unchanged, while Eq. (2.46) can 
be replaced by 
V x B = µyE + µeiJB/iJt, (19.1) 
where we have used Ohm's law in differential form G = y£). 

Substituting the expressions (2.50) and (2.51) into Eqs. (19.1), 
and (2.47)-(2.49), we obtain the following relation instead of 
(2.53): 
- k x B = coµ[E + iy/co] E, - (19.2) 

while Eqs. (2.54)-(2.56) remain unchanged as a result of such 
a substitution. For y = 0, these equations are transformed into 
equations for the propagation of light in a dielectric (see 
Sec. 15). It can be seen from (19.2) that all formulas for light 
propagation in a dielectric are transformed into formulas for 
light propagation in conducting media if the permittivity in 
these formulas is replaced by compiex permittivity: 
Ero= E + iy/co. (19.3) 

In a dielectric medium, the wave number k, frequency co and 
the permittivity E are connected through relation (15.4) which 
can be written in the form 

(19.4) 

where Eµ = 1/v2. For a conducting medium, E and k are 
replaced by Ero and kro which are determined in accordance 
with (19.4) from the equality 

(19.5) 

Representing kro as a complex number, 
kro = k +is, (19.6) 
we can write (19.5) in the form 
k2 + 2iks - s2 = co2Eµ + icoyµ. (19.7) 

Equating the real and imaginary parts on the left- and 
right-hand sides, we obtain 
k2 - s2 = ro2Eµ 
and 
2ks = royµ. 

(19.8) 

(19.9) 

) 
i 
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The solution of this system of equations has the form 

k2 = (co2eµ/2)(Jl + (y/eco)2 + 1), 
s2 = (co2eµ/2)(jl + (y/eco)2 - 1). 

(19.10) 
(19.11) 

PENETRATION DEPTH. When a plane wave propagates 
in a conducting medium, its field vectors are given by formulas 
(2.50) and (2.51) in which k has been replaced by kco; thus, for 
propagation in the positive direction of the Z-axis, these 
vectors have the form 
E = Eoe-i(cot-kcoz> = Eoe-sze-i(cot-kz), 
B = Boe-i(cot-kcoz> = Boe-sze-i(cot-kz), 

(19.12) 
(19.13) 

where expression (19.6) has been used for kco. Thus, the 
amplitude of a plane wave decreases during its 
i. e. the wave is absorbed as it propagates. According to the 
general principle: the penetration depth is given by 
A= 1/s, (19.14) 
At large depths, the wave is practically absent. 

For visible range and good conductors, formula (9.11) is 
considerably simplified. The conductivity y of metals is 
,...., 107 S/m, and E can be taken equal to E0 • Consequently, in . 
this case, we obtain 
y/(ECO) 2 X 102 » 1. (19.15) 

Taking this relation into account, we can neglect unity in 
formula (19.11) in comparison with y/(eco), and write the 
expression for in the form 
s = ,JoYY;fi.. (19 .16) 

Consequently, the penetration depth is 

(19.17) 

Since co= 21t/(A..jEµ), formula (19.17) can be also presented 
in the form 

(19.18) 

Where (µo/Eo) 112 = 377 Q. 
As an example, let us consider copper for which y = 

5 x 107 S/m. For wavelengths in the visible range 
1 µm), the penetration depth A is approximately equal to 
4 nm, i. e. just a few thousandths of the wavelength. In this 
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case, there is no sense in speaking of light propagation in the 
conductor. However, if the conductivity of the medium is not 
very high, light can be transmitted over a sufficiently large 
distance. The amplitude of the waves gradually decreases in 
this case. 

PHYSICAL REASON BEHIND ABSORPTION. The 
physical reason behind the damping of electromagnetic waves 
in a conducting medium is the transformation of the electro-
magnetic energy of waves into Joule heat. The electric field 
strength of the wave induces conduction currents in the 
conducting medium, which heat the material according to 
Joule's law. 

PHASE VELOCITY AND WAVELENGTH. Taking 
(19.10) into account, we obtain the following expression from 
(19.12) and (19.13) for the phase velocity: 

ro 1 { 2 }1/2 
v = k = [1 + (y/roE)2]112 + 1 (19.19) 

This velocity is lower than the velocity of light in a 
nonconductor with the same value of E (for identical magnetic 
permeabilities). Thus, the conduction in a medium is respon-
sible for a decreased phase velocity. The wavelength in 
a conducting medium is given by 

27t 27t { 2 }1/2 
A,= k = [1 + (y/roc)2]112 + 1 . (19.20) 

This value is also smaller than the wavelength in a noncon-
ductirig medium with the same values of E and magnetic 
permeability. 

It can be seen from (19.19) that the velocity of a wave in 
a conducting medium depends on frequency, i. e. the dispersion 
is observed during the propagation of the wave. Hence 
nonmonochromatic waves propagate in a conducting medium 
in the same way as through a dispersive medium. 

RELATION BETWEEN THE PHASES OF FIELD 
VECTOR OSCILLATIONS. It is expedient to present the 
complex quantity k00 in the exponential form: 
k00 = lk00 lei"', lk00 l = Jk2 + s2 , (19.21) 
where tan cp = s/k [see (19.6)]. Formula (2.54) can be written in 
the form 

(19.22) 
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where k<0 > is the unit vector in the direction of wave 
propagation, in this case in the direction of the Z-axis. Vectors 
E and B are perpendicular to this axis. 

The electric field strength of a wave is given by formula 
(19.12) in which E0 can be treated as a real quantity without 
any loss of generality, since the choice of the initial instant of 
time is always arbitrary. Substituting (19.12) into (19.22), we 
arrive at the equality 

B = lkwlk(O) X Eoe-sze-i(wt-kz-<JJ)_ 
co (19.23) 

Taking the real parts of (19.12) and (19.23) for E and 
B respectively, we obtain the following relations (the real parts 
of E and B are denoted by the same letters): 

E = E0 e-szcos(cot - kz), 

(19.24) 

which show that the electric and magnetic vectors of the wave 
oscillate with a phase difference cp. It follows from (19.21) that 

tan cp = s/k = jl + (Eco/y)2 - (19.25) 

which means that the angle cp is positive. Thus, the phase of 
oscillations of B lags behind the phase of vector E. 

RELATION BETWEEN AMPLITUDES OF FIELD 
VECTORS. It follows from (19.12) and (19.23) that 

I BI/I Ej =I k00 [1 + (y/(Eco))2] 114 . (19.26) 

Comparing this relation with (15.5) (v = hµ), we find that 
in a conducting medium, the ratio of B to E larger than in 
a nonconducting medium with the same permittivity and 
permeability. 

MEDIA WITH LOW CONDUCTIVITY. In a "bad" 
conductor y 0 and hence coE/y oo. All formulas containing 
y/(coE) « 1 can be approximated by expanding into a series in 
y/(coE) and confining to the first nonvanishing term in the 
expansion: 

+Hn:f J, 
1 y 

tan a= ---2 COE' 

(19.27) 
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' • 
The electric conductivity of a 
medium is responsible for the 
absorption of wave energy in 
the medium. The conductivity 
of a medium is taken into 
account by the imaginary part 
of the complex permittivity. 
The wavelength in a 
conducting medium is smaller 
than the wavelength in a 
nonconducting medium with 
the same values of permittivity 
and permeability. 
The electric field vector and the 
magnetic induction vector of 
a wave oscillate in a 
conducting medium with a 
phase difference. 

1 • 
What is the physical reason 
behind the emergence of a 
phase difference in the 
oscillations of the electric field 
vector and the magnetic 
induction vector of a wave in 
a conducting medium? 
Which physical factors are 
responsible for a decrease in the 
wavelength in a conducting 
medium in comparison to the 
wavelength in a nonconducting 
medium? 

3. Propagation of Light in Isotropic Media 

(19.28) 

(19.29) 

(19.30) 

For y = 0, these formulas are transformed into the corre-
sponding expressions for a dielectric and quite clearly describe 
the effect of conductivity of the medium on the wave proper-
ties. It can be seen that the conductivity of a medium is 
responsible for a larger wave number, appearance of a phase 
shift between the field vectors, wave attenuation, decrease in 
the phase velocity and, wavelength, and an increase in I BI 
relative to I El. 

MEDIA WITH HIGH CONDUCTIVITY. In "good" con-
ductors, y --+ oo and hence ror,/y --+ 0. As a result of expansion 
of the expressions into a series, we obtain 

J royµ ( 1 roe) k=-1+--2 2 y ' 

s J ( 1 - 7) ' (19.31) 

(19.32) 

(19.33) 

(19.34) 

It can be seen that the phase difference between field vectors 
in a good conductor is close to - rt/4, while the phase velocity 
of a wave in a good conductor is much lower than in 
a dielectric. In a good conductor, the wave attenuation is very 
high. 

Example 19.1. A wave with a circular frequency ro = 
2.5 x 1015 s- 1 . propagates in a conducting medium. The 
intensity of the wave in the medium is found to decrease by 

1. 
l 
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a factor of e over a path length I= 20 cm, and the wavelength 
A in the medium is equal to 0.5 µm. Find the refractive index of 
the medium and its electric conductivity. 

The refractive index is given by the formula 
n = c/u = A0/A = 2n:c/(ffiA) = 1.5. 

Taking (19.12) into account, we obtain 
2sl = 1, (19.35) 
where sis defined by Eq. (19.11). Dividing both sides of (19.11) 
by (co M)2 = (co/c)2, we obtain 
[c/(2/ffi)] 2 = (c:r/2) [jl + [y/(c:co)] 2 

- l], (19.36) 
where Er = c:/c:0 is the relative permittivity of the medium, 
connected with the refractive index through the relation 
n =A [the medium is to be nonmagnetic (µ = µ0 )]. 

Considering that c/(2/co) = 3 x 108 /(2 x 0.2 x 1015 x 2.5) = 
3 x 10- 7 « 1, we obtain the inequality [y/(c:ffi)] 2 « 1 from 
(19.36). On the basis of this inequality, the right-hand side of 
(19.36) can be expanded into a series in [y/(c:ro)]2. Confining 
ourselves to the first nonvanishing term in this expansion, we 
obtain 

c AY ly lyl 
---=----=---

2/ffi 2 Effi 2 c: 0 co fir 2 E0 ffi n 

Consequently, 
y = c:0 cn/l = 8.85 x 10- 12 x 3 x 108 x 1.5/0.2 S/m = 0.02 S/m. 

(19.37) 

SEC. 20. REFLECTION OF LIGHT FROM A CONDUCTING 
SURFACE 

The method for taking the con-
ductivity of the medium into 
account during reflection is 
described. 

10* 

BOUNDARY CONDITIONS. A wave incident on the surface 
of a conductor partly penetrates the conductor, where it is 
absorbed, and is partly reflected. For the sake of simplicity of 
formulas, we shall confine ourselves to normal incidence only. 

We denote by E 1 and µ1 the permittivity and permeability of 
the medium from which a light wave is incident on the surface 
of a conductor. The corresponding quantities for the con-
ductor are denoted by c: 2 and µ2 (both the dielectric medium 
and the conductor are assumed to be nonmagnetic). The 
electric conductivity of the conductor is y. The orientation of 
the coordinate system and the vectors characterizing the wave 
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Fig. 68. Orientation of field 
vectors in the analysis of reflec-
tion of light at the surface of a 
conductor. 

' • As a result of reflection from a 
conducting surface, a phase 
difference ·emerges between the 
parallel and perpendicular 
components of the field vectors 
of a wave. 

,, 
• 
Which factors determine the 
polarization of a wave reflected 
from a conducting surface? 
What is the type of this 
polarization? 

· What is the dependence of the 
reflection coefficient on the 
electric conductivity and what 
is its value for good 
conductors? 

3. Propagation of Light in Isotropic Media 

are shown in Fig. 68. The electric field strength of the waves 
can be written in the form 
Ein = ix_mg> e-i<wt-k1z>, 

Erefl 
Erefr = e-i(wt-kzwZ)' (20.1) 
where ix is the unit vector m the positive direction of the 
X-axis and the quantities 

(20.2) 

are defined by relations (15.4) (v = c/n1), (19.6), (19.10) and 
· (19.11). The inductions of the corresponding magnetic fields 
are obtained from formula (16.22) in the form 
B=kxE/ro. (20.3) 

Taking into account the orientation of vectors (Fig. 68), we 
obtain from (20.3) 

Bin =iykEi0 /ro, Brefl = -iyk1Eren/ro, 
Brefr = iyk2w Erefr/ro' (20.4) 

where i Y is the unit vector in the positive direction of the Y-axis. 
The continuity of the tangential components of electric and 

magnetic field strengths is expressed through two equations: 

+ = 
kl - = · (20.5) 

RELATION BETWEEN WA VE AMPLITUDES. Solving 
Eqs. (20.5) in unknown ratios and we 
obtain 

1 - (k2w/k1) (µi/µ2) 
(20.6) 

fjjO) 1 + (k2ro/k1)(µifµ2)' lil 

2 
JjjO) - 1 + (k2wfk1) (µifµz) 

(20.7) 
In 

Since k2 w is a complex quantity, it follows from (20.6) and 
(20.7) that the phases of all the waves are shifted relative to one 
.another. The phase shift can be determined from (20.6) and 
(20. 7) by expressing their right-hand sides as the product of the 
modulus of a quantity and the phase factor in the same way as 
in (19.21). 

REFLECTION COEFFICIENT. In accordance with defi-
nition (18.5), we obtain from (20.6) the following expression for 

l 
I 

I 



PROBLEMS 

20. Reflection of Light . from a Conducting Surface 149 

the reflection coefficient: 
= I I = [1 - µlk2/(µ2k1)]2 + [µ1s2/(µ2k1)]2 (20.S) 

p [1 + µik2/(µ2k1)J 2 + [µ1s2/(µ2k1)J 2 ' 

where k2 and s2 are defined by formulas (19.10) and (19.11). 
Dividing the numerator and denominator of the above equa-
tion by µ1s2/(µ2k1), we obtain the following equation: 

{[µ2kif(µ1s2)J - (k2/s2)}2 + 1 
p = 2 • (20.9) 

{[µ2kif(µ1s2)J + (k2/s2)} + 1 
It can be seen from (19.10) and (19.11) that for an ideal 

conductor y oo, s2 oo, k2/s2 1, kif s2 0. Hence we 
obtain from (20.9) 
p 1. (20.10) 
Hence the reflection coefficient for very good conductors is 
close to unity. 

CONNECTION BETWEEN REFLECTING AND AB-
SORBING PROPERTIES. It follows from formula (19.17) 
that the higher the conductivity, i. e. the better the conductor, 
the stronger the absorption of light by the conductor. It can be 
seen from (20.10) that the higher the conductivity, the better 
the reflecting properties of the conductor. Hence it can be 
stated that the better light is reflected by a conductor, the 
better it is absorbed by the same conductor. This leads to 
a difference in the colour of a conductor as viewed in reflected 
and transmitted lights (see Sec. 15). 

3.1. Find the expression for the energy density per unit volume of a plane 
wave propagating in a conductor in the direction of the Z-axis. 

3.2. Find the expression for the refractive index of a very good 
conductor. 

3.3. Find the ratio ( w m) / (we) of the energy density per unit volume of the 
magnetic field of a wave to the energy density per unit volume of its 
electric field in a conducting medium. 

3.4. An ideal conductor with its plane face perpendicular to the Z-axis 
moves in the positive direction of the Z-axis with a velocity v. A plane 
electromagnetic wave propagates in the same direction, its electric field 
vector being collinear with the Y-axis [Ex= 0, EY = E0 cos ro (t - z/c), 
Ez = O]. Find the electric field strength of the wave formed as a result 
of superposition of the incident and reflected waves (v « c). 


