
Chapter 1
Special Theory of Relativity

1.1 Physics before 1905

At the end of the 19th c entury there was a common belief that me-
chanics was a final physical theory. In this framework, mechanics
would be able to explain all known physical phenomena. One of tasks
undertaken by physicists of that period was looking for a maximally
simple description of physical phenomena using a minimal number of
logically independent postulates.

Principle of Relativity

The principle of relativity, formulated by Galileo, was commonly accepted Principle of Galileo
as such fundamental postulate. It states that in absence of interaction
(with other bodies) a physical body remains in uniform motion – it
moves with constant speed along a straight line. This statement cannot
be true in any frame of reference. For instance, it does not hold in
rotating systems where the trajectory of such a body is a curve. The
class of reference frames in which Galileo’s principle does apply is
called inertial frames of reference or inertial reference systems. Such frames Inertial frame of reference
move in relation to each other with constant velocity. The principle of
Galileo was then reformulated as so-called principle of relativity which
states that the laws of classical physics hold in all inertial frames of reference.

The mathematical transformation of coordinates associated with
two different inertial systems is called classical transformation or Galileo’s Classical transformation
transformation. It establishes relations between the positions and ve-
locities in these inertial systems. We denote by t, x time and position
vector of the material point in the reference frame S and by t 0 , x

0 its
time and position vector in the frame S 0 that remains in motion with
the velocity V with respect to S. The classical transformation has the



6 lecture notes on classical electrodynamics

form:

t 0 = t, (1.1)

x
0 = x � V t. (1.2)

The transformation (1.1) is the postulate – one of the foundations of
Newtonian physics. It constitutes the definition of simultaneity. of Classical concept of simultaneity
events. On the other hand (1.2) has origin in classical concept of
addition of positions. The classical transformation implies the velocity
addition formula Classical addition of velocities

v
0 = v � V (1.3)

where V is velocity of S 0 with respect to S and v
0 ⌘

dx
0

dt0 , v ⌘
dx

dt are
velocities of the material point in these frames.

Maxwell’s electromagnetic theory

Figure 1.1: James Clerk Maxwell (1831-
1879)

In 1854 James Clerk Maxwell (1831-1879) began work on formulation
of the theory of electromagnetic phenomenas. Yet in this year he wrote
a letter to his friend William Thomson, announcing that he “intends to
attack electromagnetism”. The first work entitled On Faraday’s Lines of
Force (1855) was unsuccessful and presented barely qualitative hydro-
dynamical approach to electromagnetic material medium. In 1861, he
published a dissertation On Physical Lines of Force, in which he tried to
build a mechanical model of electromagnetic field.

Figure 1.2: Picture from Maxwell’s work
On Physical Lines of Force.

This dissertation contains some elements of electromagnetic field
theory, subsequently developed in Maxwell’s next work entitled A
Dynamical Theory of the Electromagnetic Field (1864-1865). In order to
replace the Faraday’s idea of polarisation of medium Maxwell has
introduced the concept of electric displacement and medium variation
called by him displacement current.

Both Maxwell’s works contain a very important conjecture. Namely,
Maxwell has noticed that the ratio of electric and magnetic units in
field equations has dimension of velocity. Moreover, he has also noticed Observation that a velocity pa-

rameter has value that coincides
with the light speed

that the numerical value of this characteristic speed coincided with
the experimental value of the speed of light. He assumed that there
can exist periodic transverse displacement waves in the medium and
calculated the speed of their propagation. He got the value which was
very close to the value of speed of light. The results of his theoretical Hypothesis that light is an elec-

tromagnetic wavestudy of electricity and magnetism led him to the hypothesis that light is
an electromagnetic wave.
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Figure 1.3: The value of speed of light
and ratio of electric and magnetic units.

Figure 1.4: Treatise on Electricity and
Magnetism

In 1873 he published Treatise on Electricity and Magnetism in which
he has presented the final form of electromagnetic field equations. In
contrast to his previous works this publication does not contain any
mechanical models of the electromagnetic field. The field equations
were obtained considering the hypothesis of existence of displacement
current and electronic state i.e. such a state that variation in the magnetic
field creates solenoidal electric field.

The form of Maxwell’s equations presented in the treatise is signif-
icantly different from their present form. In particular, Maxwell did
not use the vector calculus. In particular, some of the equations were
written using the quaternion notation. The currently used, vector form
of Maxwell’s equation was proposed by Oliver Heaviside (1850-1925),
which has significantly contributed to the popularisation of Maxwell’s
theory. Let us stress that Maxwell was not aware of the fundamental
character of the theory he created. In particular, until his last days
he was convinced that the foundations of electromagnetism are based
on the concept of a material medium. Such a medium would enable
propagation of electromagnetic waves. This medium was termed aether.
The constant parameter having dimension of velocity that appears in
Maxwell’s equations was interpreted as the speed of propagation of
electromagnetic waves in the aether.

Figure 1.5: Oliver Heaviside (1850-1925).

Problems with electromagnetism

It turned out quickly that Maxwell’s theory of electromagnetic phe-
nomena, although very consistent with experiments, leads to some
fundamental problems:

1. A problem with construction of mechanical model of aether;

2. A problem with the lack of covariance of Maxwell’s equations under
the classical transformation.
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Luminiferous aether

The existence of a substance (medium) that supports the propagation
of electromagnetic oscillations was expected in Maxwell’s times.1 It 1 A. Einstein, L. Infeld, The Evolution of

Physicswas, to some extend, natural expectation. All known wave phenomena,
such as sound propagation, possessed mechanical interpretation. Many
renowned physicists, as for instance Augustus Cauchy, George FitzGerald,
Goeorge Green, Oliver Heaviside, Herman Helmholtz, Gustav Kirchhoff, Joseph
Larmor, Hendrik Lorentz, James Mac Cullagh, James Clerk Maxwell, Arnold
Sommerfeld, George Stokes, William Tomson (Kelvin), published papers
concerning the construction of mechanical model of the aether. The
fundamental question that they pretend to answer was if the aether
drifts together with moving objects. Does the aether drift together

with objects?
• Let us assume that the aether drifts and consider a laboratory S0 with

transparent walls and with the source of light at its center. If such a
laboratory moves with a constant velocity V with respect to external
observer S, then provided that the laws of classical mechanics are
valid, the speed of light observed in S would be given as a length
of the vector obtained adding velocity of the light in the aether and
velocity of the aether with respect to S.

It means that observed light speed should depend on the motion of Yes: light speed depends on mo-
tion of its sourceits source. This conclusion has no confirmation in experiments. The

further development of the theory and new experimental results
forced physicists to conclude that light moves in empty space with
the same speed c – independently on its frequency and motion of
its source (so-called “ c – principle”). It is important to notice that if
the speed of light would depend on the motion of its source, then
the images of tight binary stairs would be much more involved than
they actually are.

• Another possibility is that the aether cannot be carried by moving
bodies. In such a case its rest frame would be unique. Consequently,
there would be possible “absolute motion” i.e. motion with respect
to the aether. In such a case Galileo’s principle would not be true
anymore. The form of physical laws in the aether reference frame No: Galileo’s principle is invalid
would be different to their form in other reference frames. Thus each
observer would be able to determine whether he is or not in motion.
It would mean thet the measured speed of light would depend No: the light speed depends on

motionon velocity of the observer with respect to the aether. The problem of
measurement of the speed of light in dependence on the velocity of
the observer was considered in 1887 by Albert Abraham Michaelson
and Edward Morley. The results of their work has been presented
in the paper On relative motion of Earth and relative luminiferous aether
published in American Journal of Science 34, 333 (1887). The authors
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determined that the speed of light does not depend on motion of the
observer (in this case the Earth).

All assumptions about aether
leads to incompatibility with ex-
perimental data

• Both these assumptions lead to incompatibilities with experimental
data. Physicists of that period tried to maintain aether theories
postulating that the aether can be carried only partially, however,
without success in confrontation with experimental data.

Thus physicists were forced to abandon the concept of ether and
looking for a new theory that would be compatible with experimental
facts:

1. All laws of nature are strictly the same in two inertial reference frames.
There is no way to detect absolute uniform motion.

2. The speed of light in a vacuum is c, and its value does not depend on motion
of a light source or motion of a detector.

Covariance of Maxwell’s equations
Incompatibility between Max-
well’s equations and the classical
transformation

Let us note that addition of velocities (that follows from the classical
transformation) stays in conflict with the constancy of light speed. There
was more problems associated with the classical transformation.

According to experimental data the laws of electromagnetism are
valid in distinct inertial reference frames. Mathematically it means that
Maxwell’s equations have exactly the same form in each two different in-
ertial frames. In other words, when doing a series of experiments in two
laboratories S and S0 that move uniformly with respect to each other
one would deduce from tese experiments exactly the same Maxwell’s
equations. Sine both reference frames are related by classical transfor-
mation one would expect that equations in S0 can be obtained from
equations in S just applying the classical transformation. It turns out
that the classical transformation spoils the form of Maxwell’s equations.
The resulting set of equations has not form of Maxwell’s equations – it
contains some new terms! Thus we see that the classical transformation:

• contradicts the constancy of the speed of light,

• does not allow for covariance of Maxwell’s equations.

In such a case the only reasonable way out is rejection the form of the Classical transformation must be
rejected!classical transformation. This rises the question of the form of “correct”

transformation. Such transformations must preserve covariance of
Maxwell’s equations and constant character of light speed. The last
means that for any speed v the sum (more precisely – its composition
“`”) of this speed with the speed of light c must be equal to c.
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1.2 Special Theory of Relativity

A special theory of relativity was proposed by Einstein as an attempt
to get rid of the unsatisfactory situation that led to the confrontation
of electromagnetic phenomena with classical mechanics. Einstein’s
work published at June 30, 1905 in Annalem der Physik constituted
breakthrough in our understanding of space and time.

Figure 1.6: On the Electrodynamics of
Moving Bodies.

The work itself has a profound connection with electrodynamics as
suggested by its title On the Electrodynamics of Moving Bodies. Einstein
has assumed two postulates: Einstein’s postulates

1. The laws of physics are the same in all inertial reference frames.

2. The speed of light in vacuum has the same value c in all inertial reference
frames.

The transformation of coordinates in two different inertial frames is
not a classical transformation. It has such a form that provides con-
stancy of light speed in all inertial reference frames. It is called Lorentz
transformation.

Simultaneity
New concept of simultaneity

The postulate that the speed of light takes the same value in all reference
frames is explicit resignation from the concept of absolute simultaneity (1.1).
The assumption that c0 = c and t0 = t leads to logical contradiction. The
resignation from the absolute character of time means that time should
be treated not as an external parameter but rather as a coordinate. In
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this approach, the concept of simultaneity depends on the observer. Each
observer has his own time coordinate. Collections of events having
equal value of time coordinate in a given reference frame form surfaces
of simultaneity. There are following relativistic effects that have their
origin in non-existence of absolute simultaneity: Relativistic effects that originate

in lack of absolute simultaneity
• Lorentz–FitzGerald contraction,

• dilation of time.

Spacetime

An important feature of the Special Theory of Relativity is the fact that it
can be expressed in geometric language. A geometrisation of the theory
allows for deeper insight into its structure. In order to geometrize the
Special Theory of Relativity one starts with a set of basic objects called
events which are counterparts of points in Euclid’s geometry.

Definition.2 A collection of all events that carry information about 2 Definition introduced by Andrzej Mar-
iusz Trautman (born January 4, 1933) a
Polish mathematical physicist who has
made contributions to classical gravita-
tion in general and to general relativity in
particular. Trautman and Ivor Robinson
discovered a family of exact solutions of
the Einstein field equation, the Robinson-
Trautman gravitational waves.

“when” and “where” independently on what “happened” is called
spacetime.

Thus spacetime is a set of labels. A mathematical model of spacetime
is obtained imposing some structure on this set. In the case of Special
Theory of Relativity a spacetime has structure of four-dimensional affine
space, i.e. the homogeneous space with operation of translation. This
spacetime is called Minkowski spacetime.

Affine space structure of Minkowski spacetime
Affine space as a model of space-
timeThe model of Minkowski spacetime is a four-dimensional affine space

(M, V4) with scalar product where M stands for set of points (events)
and V4 ia a four dimensional real vector space. We shall use letters
p, q, r, . . . 2 M for denoting events and x, y, z, . . . 2 V4 for denoting
vectors – called here four-vectors.

Figure 1.7: Hermann Minkowski (1864-
1909).

In similarity to the Euclidean affine space we have translation opera-
tion “+” (translation) which maps events on events

M ⇥ V4
3 (p, x) ! p + x 2 M (1.4)

and has properties:

1.

(p + x) + y = p + (x + y), 8p 2 M and 8x, y 2 V4;

2.
p + 0 = p 8p 2 M;
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3.
8p 2 M 9! x 2 V4 : q = p + x.

If one distinguishes an event p0 2 M and fixes basis ea in V4, then Cartesian coordinates
each point p 2 M can be uniquely represented as a translation of p0 by
four-vector x 2 V4

p = p0 + x = p0 +
3

Â
a=0

xa(p)ea (1.5)

where coefficients {xa(p)}a=0,1,2,3 are Cartesian coordinates of the point
p in the affine basis (p0, ea).

We shall use index notation for expressions containing sums and Notation
assume that greek indices run over a set of numbers

a, b, . . . = {0, 1, 2, 3}

wheres latin indices (spatial indices) run over

i, j, . . . = {1, 2, 3}.

The index a = 0 labels temporal coordinate x0, temporal vector e0 etc.
Thus the four vector x in (1.5) reads

xa(p)ea ⌘ x0(p)e0 + x1(p)e1 + x2(p)e2 + x3(p)e3

⌘ x0(p)e0 + xi(p)ei (1.6)

In order to introduce metric structure in Minkowski spacetime we
choose a metric tensor whose components form a symmetric nonsingular
matrix Metric tensor is a mapping

g : (x, y) 7! g(x, y) 2 R

which is

1. bilinear

g(ax + by, z) = ag(x, z)

+ bg(y, z)

8 x, y, z 2 V4 and 8 a, b 2 R

2. symmetric

g(x, y) = g(y, x) 8 x, y 2 V4

3. nondegenerate

g(x, y) = 0 8y then x = 0

gab := g(ea, eb). (1.7)

The expression g(x, y) represents a scalar product of two four-vectors
at p

g(x, y) = g(xaea, ybeb) = xayb
g(ea, eb) = xaybgab 2 R.

In Cartesian coordinates the metric tensor has components

gab ⌘ hab =

0

BBB@

1 0 0 0
0 �1 0 0
0 0 �1 0
0 0 0 �1

1

CCCA
⌘ diag(1,�1,�1,�1). (1.8)

Note that another equivalent choice has the form

hab = diag(�1, 1, 1, 1).

Curvilinear coordinates can be introduced as diffeomorphic transfor-
mation

x0a = x0a(x0, . . . , x3), a = 0, . . . , 3 (1.9)

i.e. an invertible transformation which is at least of C1 class. It is
required that the inverse transformation is also at least of C1 class.
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Tangent space

At any point of Minkowski spacetime there can be introduced a set of
smooth curves. The vectors tangent to these curves at p form tangent
space. It is denoted by

Tp M := {v : v is tangent to M at p}.

Let {ea(p)}a=0,...,3 be a basis of tangent space Tp M. Any other basis at
p, denoted by {e0a(p)}a=0,...,3, is related to the previous one by linear
transformation Transformation of basis vectors

e0a(p) =
∂xb

∂x0a
(p)eb(p). (1.10)

where x0a are “new” coordinates. Four-vectors are geometric objects
which means that they do not depend on coordinates. Their compo-
nents however do depend. Taking v = v0ae0a(p) = vbeb(p) we can
conclude that components of four-vector transform as

v0a =
∂x0a

∂xb
(p)vb. (1.11)

In particular, one can choose Cartesian coordinates xa in Minkowski
spacetime. Thus ea(p) = ea where vectors ea 2 V4 and ea(p) 2 Tp M.

Minkowski diagrams

Figure 1.8: Worldlines of point-like par-
ticles in reference frame S: (a) particle at
rest, (b) accelerated particles, (c,d) fotons.

Minkowski diagrams constitute a very useful tool in analysis of problems
in Special Theory of Relativity. They are sections of spacetime (two-
or three- dimensional charts), see Fig.1.8. Each event in Minkowski
spacetime is represented by collection of numbers (x0, x1, x2, x3). Time
coordinate is defined as x0 := ct where c is the speed of light. Some of
numbers {xa} can be fixed for whole diagram. In such a case we usually
ignore the presence of irrelevant coordinates writing components of
four-vector as it were two–component or three–component vectors
i.e. (x0, x1), (x0, x1, x2). A history of material objects in Minkowski
spacetime is represented by curves, sheets or hyper sheets – depending
on dimensionality of these object. They are called: world lines for points,
world sheets for one dimensional objects and world volumes for two and
three dimensional objects.

Figure 1.9: Construction of axis x01. The
event (0, a) belongs to the axis x01 and it
is given by reflection of the light beam
emitted at the origin at x00 = �a.

Typical Minkowski diagrams contain world lines and world sheets.
A constant character of the speed of light is represented on any two
dimensional diagram by straight lines that form angles p

4 with its axes.
These axes are defined as follows:

• x0 – a world line of the inertial observer,

• x1 – a set of events simultaneous with the event (0, 0).
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Let S and S0 be two different inertial observers. We shall construct
axes of a diagram associated with the observer S0 on a diagram S. Thus
we consider an observer S0 as being in uniform motion along the x1

axis. Its velocity is denoted by V. The x00 axis is just a world line of
the observer S0 so it corresponds to a straight line that form an angle f

with the x0 axis. This angle, shown in Figure 1.10(a), is associated with
relative velocity

tan f = b ⌘
V
c

.

(a)

(b)

Figure 1.10: (a) Construction of the x01
axis at diagram of the observer S. (b)
The same situation seen in the reference
frame S0.

In order to determine the x01 axis one has to identify at least one
event simultaneous with (x0, x1) = (0, 0) = (x00, x01), where the second
equality is an assumption which does not lead to loss of generality.
Such an event can be determined with the help of thought experiment
(gedankenexperiment). Let us consider a mirror in S0 in a distance x01 =

a from the origin, see Figure 1.10(b). A constant character of the
light speed leads to the conclusion that the light impulse (a photon)
emitted from (x00, x01) = (�a, 0) in direction of the mirror reaches it
at (x00, x01) = (0, a) and after reflection it returns to the observer S0 at
(x00, x01) = (a, 0). The event correspondinf with reflection of a photon
from the mirror is represented by intersection of the light rays. Such
rays form p

4 angles with x0 and x1 axes on the Minkowski diagram
S. The intersection of light beams corresponds with an event which
is simultaneous with (0, 0) event. The coordinates of this event in S
are such that x0 6= 0. It means that x1 and x01 axes form a certain
angle. These axes are simultaneity lines associated with different inertial
observers. The fact that x1 and x01 axes do not coincide reflects the
fact that the concept of absolute simultaneity does not exist in special
relativity. With help of elementary (Euclidean!) geometry applied to
triangles on the diagram we conclude that the angle that form x1 and
x01 axes has value f i.e. it has the same value as the angle formed by
x00 and x00 axes.

Geometry of spacetime

Spacetime geometry is not Euclidean. A fundamental concept which lies
at the base of Euclidean geometry is the concept of distance between
points. This quantity is given as the length of the vector connecting
two points. Let Dr be a vector which connects two points in Euclidean
space. Its “square” is given by expression Finite line element in E3

Dl2
⌘ Dr · Dr = (Dx1)2 + (Dx2)2 + (Dx3)2. (1.12)

The value of quantity (1.12) does not depend on the choice of the
reference frame i.e. it is invariant under rotations, translations and
reflections. Such invariance is a consequence of symmetries of Euclidean
space.
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In the case of Minkowski spacetime there also exists invariant ex-
pression associated with four-vector Dx that connects events A and B
such that B = A + Dx where Dx = Dxµeµ and Dxµ := xµ

B � xµ
A. This

expression is called spacetime interval and it has the form Spacetime interval

Ds2
⌘ (Dx0)2

� (Dx1)2
� (Dx2)2

� (Dx3)2. (1.13)

Figure 1.11: Two mirrors an a ray beam
in the rest frame of mirrors.

Spacetime interval (1.13) has larger number of symmetries then
spatial interval (1.12). It is onvariant under rotations, translations and
reflections (now extended to time reflections). There is also another
symmetry associated with the constant character of the speed of light.
It is described by continuous group of transformations.

We consider another thought experiment which allows us to show the
invariance of expression (1.12) under transformations that connects two
inertial reference frames. In this experiment we consider two parallel
mirrors separated by distance Dx2 = L in certain reference frame S.
A light impulse that travels along the axis x2 is reflected periodically
by the mirrors, see Figure 1.11. Its world line is shown in Figure 1.12.
In Figure 1.13 we show its spatial trajectory which forms a polygonal
chain in the reference frame S0. The reference frame S0 has velocity
�V (where V > 0) in direction of axis x1 in the reference frame S. We
shall denote A, B, C as events that represent consecutive reflections of
the light impulse. Differences of coordinates of events A and C have
values:

Figure 1.12: A ray beam and two mirrors
in the rest frame of mirrors.

Figure 1.13: A ray beam and two mir-
rors in the inertial reference frame which
moves with relation to the mirrors.

• in the inertial frame S :

Dx0
⌘ cDt = 2L, Dx1 = Dx2 = Dx3 = 0

• in the inertial frame S0 :

Dx00 ⌘ c Dt0 = 2

s

L2 +

✓
Dx01

2

◆2
, Dx01 =

V
c

Dx00, Dx02 = Dx03 = 0

where 2
r

L2 +
⇣

Dx01
2

⌘2
is the route traveled by the light impulse in S0

whereas Dx01 is a relative dislocation of the reference frames during the
interval of time in which the light impulse returns to the mirror. It has
been already set, according to the second postulate, that the speed of
light in S0 has the value c. It follows that values of spacetime intervals
calculated in coordinates S and S0 are perfectly the same

Ds2 = 4L2 = Ds02.

Note, that although our argument is not a general proof, it strongly
suggests the expression (1.12) as a good “candidate” for invariant
quantity in Minkowski spacetime.
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If any two events A and B are infinitesimally close3, B ! A, than the 3 In this section we denote by dxµ in-
finitesimal differences of coordinates and
not linear basis forms in cotangent space
T⇤pM. For instance, dx1 is an infinitesi-
mal difference of coordinate x1 and not a
form dx1 such that

⌦
dx1, ∂a

↵
= d1

a.

interval associated with such events is also an infinitesimal expression

ds2 = lim
B!A

Ds2
⌘(dx0)2

� (dx1)2
� (dx2)2

� (dx3)2 (1.14)

=(dx0)2
� dx · dx

and it is called line element of Minkowski spacetime.
The invariant character of ds2 is shown in few steps. Invariance of the interval

1. The universal character of light speed means that if the line ele-
ment vanishes in S, i.e. ds2 = 0 then it must also vanish in S0 so
ds02 = 0. This statement must be also true for finite expression Ds2

which is the interval between two events: emission of the spherical
electromagnetic wave and any event at the front of this wave.

2. Two infinitesimal quantities of the same order must be proportional.

3. The proportionality coefficient must be some function of absolute
value of relative velocity of reference frames S i S0. It leads to
expressions

ds02 = a(|V |)ds2, ds2 = a(|� V |)ds02. (1.15)

4. Since |� V | = |V |, then combining both formulas (1.15) one gets
a(|V |)2 = 1. Clearly, the coefficient does not depend on |V | i.e.
a = ±1. Moreover, both expressions ds2 and ds02 must coincide in the
limit V ! 0. It allows to eliminate the case with the minus sign.

Causal structure of Minkowski spacetime

Let us consider the four-vector Dx = Dxµeµ that connects events A and
B: B = A+Dx. The spacetime interval Ds2 associated with these events
has interpretation of “square” of this four-vector i.e. scalar product
with itself involving adequate metric tensor Square of the four-vector

g(Dx, Dx) = g(Dxµeµ, Dxnen) = g(eµ, en)DxµDxn =

= hµnDxµDxn = Ds2.

There are four-vectors of three kinds: Classification of four-vectors

• null for Ds2 = 0,

• time like for Ds2 > 0,

• space like for Ds2 < 0.

Notice that in alternative convention hµn = diag(�1, 1, 1, 1) the four-
vector with Ds2 > 0 is space like and four-vector with Ds2 < 0 is time
like.
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The appearance of three types of four-vectors reflects the fact geome- Universal character of relations
between eventstry of Minkowski spacetime is essentially different from the geometry

of Euclidean space. Any two events can be connected by four-vectors:
a null one, a temporal one or a spatial one.

Figure 1.14: The light cone of the event A.
The surfaces G+ and G� are, respectively,
the future and the past light cones of
A. Events B, C 2 G+ and E are causally
connected with A. Event D belongs to
elsewhere of A.

The invariance of the interval tightly related to the universal character
of the speed of light implies that the relation between each two events has
universal character i.e. it does not depend on the choice of inertial
reference frame. In particular, for any two events separated by space like
four-vector there exists certain inertial reference frame in which those
events are simultaneous. Similarly, there exist an inertial reference frame
in which two events separated by time like four-vector have the same
value of spatial coordiantes in certain inertial reference frame.

Causal relations between events can be geometrically illustrated with
the help of light cone structure, see Figure 1.14. We choose certain event
A and assume that it coincides with the apex of a light cone. A side
surface G of the cone contains all events that are connected with A by
null four-vectors. The surface G+, which is characterized by condition
Dx0 > 0, is called the future light cone and the surface G� for Dx0 < 0 is
called the past light cone. The interior of the light cone is a set of events
that are separated from A by time like four-vectors. The events inside
the future light cone can be reached from A by world lines (region of
dependence of event A). Similarly, all events that belong to the interior
of past light cone reach A along world lines (region of dependence of
event A).

The region outside of the light cone contains all events separated
from A by space like four-vectors. This is so-called elsewhere region.
Events remaining outside the light cone are neither achievable from A
(cannot depend on A) nor can make influence on A. It follows from this
elementary analysis that Minkowski spacetime (spacetime of Special
Theory of Relativity) has causal structure.

Calibration of axes

Let us consider a class of inertial reference frames with synchronized
clocks. A hyperbola

Figure 1.15: Invariant hyperbolae in 1+1
dimensions.

(x0)2
� (x1)2 = a2. (1.16)

is a collection of events which have numerically the same value of
temporal coordinate (each one in respective inertial reference frame).
Similarly a hyperbola

(x0)2
� (x1)2 = �b2 (1.17)

represent a set of events having the same value of spatial coordinate in
any inertial reference frame.
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Left hand sides of equations (1.16) i (1.17) are spacetime intervals
of two events, one localized at the origin of the reference frame (0, 0)
and the other one given by (x0, x1) in the reference frame S. Due to the
invariance of the interval the values a2, (�b2) can be expressed in S0

by identical combinations of new coordinates (x00)2 � (x01)2 = a2 and
(x00)2 � (x01)2 = �b2. Hyperbolae are curves that are invariant under
change of inertial frame.

(a)

Figure 1.16: Hyperboloid

(x0)2
� (x1)2

� (x2)2 = a2

(a)

Figure 1.17: Hyperboloid

(x0)2
� (x1)2

� (x2)2 = �b2

They have a direct application to axes calibration of the reference
frame S0 drawn on the diagram S. The hyperbola (1.16) is a set of
events possessing the property that clocks of the inertial observers with
common origins shows identical times. In other words, if the set of
synchronized clocks coincide at (0, 0) and these clocks have different
velocities then events labeled by identical marks of all clocks form a
hyperbola (1.16).

In (2+1)-dimensions such hyperbolas are substituted by hyperboloids.
The spacetime hyperboloids are counterparts of spheres in Euclidean
space. Such hyperboloids are shown in Figure 1.16 and Figure 1.17.

Lorentz-FitzGerald contraction

Figure 1.18: The rod at rest in the refer-
ence frame S and observer S0 in motion.

Lorentz-FitzGerald contraction does not have dynamic character. It
is a purely kinematic effect which is a direct consequence of failure of
absolute simultaneity. To discuss this effect we shall consider a thought
experiment in w (1+1) dimensions.

We consider a stiff rod which has length L in his own rest frame S.
Let S0 be another inertial frame that drifts with velocity V in S along
the x1 axis. A history of the rod form a world sheet in Minkowski
spacetime. Both inertial observers S and S0 slice the spacetime with
their own simultaneity surfaces i.e. with x1 and x01 axes. It means that
their perform cross-sections of the world sheet of the rod. This situation
is sketched in Figure 1.18 and Figure 1.19.

A difference of spatial coordinates Dx1, (Dx01) of the extreme points
of the cross-section has interpretation of length of the rod L, (L0) in
reference frame S, (S0). One can assume without loss of generality
that (x0, x1) = (0, 0) = (x00, x01). x0 and x00 axes form an angle f on a
diagram S. Similarly, x1 and x01 axes form angle with the same value.
This angle is equal to dimensionless relative velocity tan f = b.

Let (x0, x1) = (0, 0) be the coordinates of the end of the rod in S
(event A) and (x0, x1) = (0, L) be coordinates of its second end (event
C). Events A and B are (by assumption) simultaneous in S0 and they
have coordinates (x00, x01) = (0, 0) and (x00, x01) = (0, L0), where length
L0 of the rod can be obtained from the interval Ds2

AB. The ratio of
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coordinates x0
B/x1

B in the reference frame S is given by the angle

tan f = b =
bL
L

=
Dx0

AB
Dx1

AB
=

x0
B

x1
B

.

that form x1 and x01 axes. Invariance of the interval leads to equality

Figure 1.19: The rod in uniform motion
in the reference frame S0 in which the rod
remains in motion with constant velocity.

Ds02AB = Ds2
AB

02
� L02 = (bL)2

� L2

which gives

L0 =
q

1 � b2L ⌘
1
g

L,

where 0  b < 1. It means that the rod in motion in S0 is shorter than
rod at rest in S.4 4 It is worth to notice that, the observer

S can qualitatively justify the result ob-
tained by S0. From its point of view
events A and B corresponding with end-
points of the rod are not simultaneous.
Taking into account that the observer S0

drifts in S, (moves during the measure
process) the observer S will interpret the
divergence of the result obtained by S0

with its own as the result of dislocation
of S0. From the point of view of S, the
dislocation of S0 during the measure pro-
cess has a value DL = b2L,and so the
result would be (1 � b2)L. This is quan-
titatively inconsistent with the correct re-
sult L0 =

p
1 � b2L.

Time dilation

We consider two inertial frames S and S0 that move with relative velocity
V . One can always choose the x1 and x01 axes in direction of the velocity
vector. We assume that S0 drifts with velocity V > 0 in the positive
direction of the x1 axis.

Without loss of generality we can choose (x0, x1) = (0, 0) = (x00, x01).
A value of time coordinate associated with any inertial observer in its
own rest frame is time shown by its own clock. Our assumption means
that clocks of both observers (each at the origin of its own reference
frame) are synchronized i.e. at intersection point of x0 and x00 axes they
show exactly the same time.

Let us consider a line of simultaneity which corresponds with certain
instant of time x0 = a in the reference frame S. This line, shown in
Figure 1.20, has intersection with a world line of observer S0 (the axis
x00). The clock of observer S0 marks x00 = a0 at the point of intersection
(event A). The event A has following components ininertial frames of
reference S and S0:

• in S0: (x00A , x01A) = (a0, 0) – the event loclalized at the x00 axis,

• in S: (x0
A, x1

A) = (a, ba).

The value of spatial coordinate of event A is x1
A = ba. It can be obtained

from the ratio

Figure 1.20: Time dilation according to
the observer S.

tan f = b =
ba
a

=
x1

A
x0

A

where f is the angle formed by x0 and x00 axes. The invariance of the
interval Ds2

0A leads to the equation a02 � 02 = a2 � b2a2, which implies
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that

a0 =
q

1 � b2a =
1
g

a. (1.18)

Thus the observer in S sees the clock S0 running slow.
Does it mean that S0 sees the clock S running fast? In order to answer

this question we consider the line of simultaneity in S0 that contains
A. Such a line consists of events with time coordinate x00 = a0 in the
reference frame S0. This line (parallel to the x01 axis) crosses the world
line of the observer S i.e. the x0 axis at x0 = b (event B). The coordinates
of B read:

Figure 1.21: Time dilation according to
the observer S0.

• in S: (x0
B, x1

B) = (b, 0) – the event at the x0 axis,

• w S: (x00B , x01B ) = (a0,�ba0).

The minus sign reflects the fact that S drifts with relation to S0 in
negative direction of x01 axis. Thus x01B < 0 gives

tan f = b = �
�ba0

a0
= �

x01B
x00B

.

Invariance of the interval Ds2
0B leads to the equation b2 � 02 = a02 �

(�ba0)2 which has solution

b =
q

1 � b2a0 =
1
g

a0. (1.19)

The observer in S0 claims that the clock in S is running slow. This result is
symmetric with the previous one in the following sense Clocks in drifting reference fra-

me S0 are running slow accord-
ing to external observer Sb

a0
=
q

1 � b2 =
a0

a

which means that none of the inertial observers is distinguished.

Proper time

A worldline of any inertial observer is plotted as straight line on the
Minkowski diagram. The length a segment with endpoints p and q
divided by the speed of light has interpretation of a time interval that
separates the events p and q. In the limit q ! p this segment became
infinitesimal and its length is given by a differential expression (the
line element) which has the form 1

c

p

ds2. In the reference frame S0 this
interval is equal to

dt0 =
1
c

p

ds2

where dx0i ⌘ 0 because S0 is a rest frame of the inertial observer.
If the observer moves with non-constant velocity then at each point The instantaneous rest frame
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at the world line its own reference frame coincides with one infinitely
many inertial reference frames. Such a reference frame is called the in-
stantaneous rest frame (IR). The time which shows a clock of the observer
that moves along the (curved) worldline is called its proper time and it
is denoted by t. The differential of the proper time is directly related
with the line element in Minkowski spacetime

dt :=
1
c

p

ds2.

The infinitesimal length of the world line of such an observer is equal
to c dt. Note, that there is no proper time for photons because of ds2 = 0
(there is no rest frame for photons). Let xi = xi(t) be parametric
equations of certain worldline

ds2 = (dx0)2
� (dx)2 = (1 �

1
c2 V

2)(dx0)2.

Thus dt =
q

1 � b(t)2dt.The parameter t can be obtained as follows Proper time

t(t) =
Z t

0
dt0
q

1 � b(t0)2 + const. (1.20)

Figure 1.22: The twin paradox. World
lines of two observers with common
events A and B.

This function can be inverted (it is strictly increasing) and so one
gets t(t). Usually we shall assume from the very beginning that the
world line of an observer (e.g. point-like particle) is given by a set of
four functions of t i.e. xµ = xµ(t). A world line which connects events
A and B has

tB � tA =
Z tB

tA
dt
q

1 � b(t)2
 tB � tA.

This result shows that a clock in IR runs slower than in any other inertial
reference frame.

Let us consider two observers: inertial and non-inertial one. The
event A in Figure 1.22 is a point at which both observers occupy the
same position and their clocks are synchronized. One can alternatively
say that they have equal age (that is why they are called twins). They
follow different world lines such that they meet again at B. At the
instant of time when they encounter the clock of the observer which
was moving along the curved world line is late comparing with the
other clock. This phenomenon is called a twin paradox. The paradox Twin paradox: two different

curves with ends on the same
pair of events has in generality
different lengths. Length of the
curve is proportional to proper
time of observers.

term associated with this thought experiment comes from the fact that
one could (wrongly) expect that the situation is symmetric and the
twin observers would have the same age when they meet whereas their
actual ages are different. The solution of the paradox comes from the
observation that there is no symmetry. One of the observers accelerates
whereas the other one moves with constant velocity.
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Four-velocity and four-momentum

Let xµ(t) be components of four-vector which describes position of the
particle in Minkowski spacetime in certain inertial reference frame S.
Equivalently, we say that xµ = xµ(t) is parametric equation of their
world line.

Definition. The four-velocity is defined as a derivative with respect Four-velocity
to proper time. It has components

uµ :=
dxµ

dt
. (1.21)

This four-vector is tangent to the world line of the particle. The compo-
nents (1.21) are of the form

u0 = c
dt
dt

= cg(t) ui =
dxi

dt
dt
dt

= g(t)vi(t)

which gives
uµ

! (gc, gvi).

The four velocity has components u0µ ! (c, 0) in the reference frame
IR of an accelerated (non-inertial) observer. A relativistic square of the
four-velocity is a Lorentz scalar which takes the value Four velocity is a time-like four-

vector
uµuµ = c2.

Certainly this is a time-like four-vector.
Let us consider a massive particle. Such particles move with sub-

liminal velocity and so they have four-velocity. We shall define their
four-momentum.

Definition. The four-momentum of a massive particle is a product of
the mass and its four-velocity Four-momentum of massive par-

ticles
pµ := m uµ

! (g mc, g mvi)

where
pµ pµ = m2c2. (1.22)

The components p1, p2 and p3 of the four-momentum constitute a
relativistic generalisation of the standard (three-)momentum compo-
nents. The meaning of the component p0 can be established from small
velocity limit v ⌧ c. The Taylor series expansion gives Interpretation of component p0

p0 = mc


1 +
1
2

v
2

c2 + . . .
�
=

1
c


mc2 +

1
2

mv
2 + . . .

�
⌘

E
c

.

We recognise the term 1
2 mv

2 which is non-relativistic kinetic energy
of massive particle. It suggests that p0 is the energy of the particle
divided by the speed of light. The constant term mc2 has interpretation
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of energy which the particle has at their rest frame. Such term is absent
(irrelevant) in classical mechanics because the Lagrangian of a particle
is determined up to constant term. The expression (1.22) gives Relativistic relation between en-

ergy and linear momentum
E2 = m2c4 + c2

p
2.

It shows that square of relativistic energy is proportional to square
of three-momentum. Any relativistic quantum theory that describe
elementary particles must be consistent with this relation.

The four momentum can be also introduced for photons. It is light-
like four-vector with components Four momentum of photons can

be introduced in spite of lack of
proper timepµ

!

✓
E
c

,
E
c

n̂

◆
where n̂ · n̂ = 1. (1.23)

Note that in quantum mechanics energy and linear momentum of
photons are given by

E = h̄w pi = h̄ki

what leads to dispersion relation

E2

c2 = p
2

)
w2

c2 = k
2.

This relation, which is present in quantum mechanics, reflects relativis-
tic character of relation energy– linear momentum for photons.

Four-acceleration

Definition. The four-acceleration is a second derivative of xµ(t)

aµ :=
d2xµ

dt2 =
duµ

dt
(1.24)

where uµ ! (gc, gv). It has components

duµ

dt
!

✓
c

dg

dt
,

dg

dt
v + g

dv

dt

◆
. (1.25)

The derivatives (1.25) have the explicit form

dv

dt
=

dt
dt

dv

dt
= gv̇,

dg

dt
=

dt
dt

dg

dt
= g

"
�

1
2

�2b ·
db
dt

(
p

1 � b2)3

#
=

1
c

g4b ·
db

dt
⌘

1
c

g4b · v̇

what gives

aµ
!

⇣
g4(b · v̇), g2

v̇ + g4(b · v̇)b
⌘

(1.26)

=
⇣

g4(b · v̇), g4(1 � b2)v̇ + g4(b · v̇)b
⌘

= g4 (b · v̇, v̇ � b ⇥ (v̇ ⇥ b)) . (1.27)
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The velocity vanishes b = 0 (g = 1) in IR frame of the accelerated
observer, however, the acceleration in this frame v̇ is different from zero.
It gives

a0µ ! (0, v̇
0) where v̇

0 :=
dv

0

dt0
. (1.28)

The Lorentz scalar aµaµ reads Space-like character of four-
acceleration

a0µa0µ = aµaµ = �

✓
dv

0

dt0

◆2
< 0. (1.29)

It allows us to conclude that the four-acceleration is a space-like four-
vector. Note that the acceleration has no absolute character in special
relativity i.e.

dv
0

dt0
6=

dv

dt
.

1.3 Lorentz transformations

A desired transformation that relates any two inertial reference frames
must have the form which guarantee the invariance of the spacetime
interval. In this section we shall restrict our attention to coordinate
transformations

x0µ = x0µ(x0, x1, x2, x3)

called also passive transformations. Thus two sets {xµ} and {x0µ} are
collections of coordinates describing the same event in two different
inertial reference frames.

In some physical problems, for example in the literature devoted to
physics of elementary particles, it is commonly accepted to use active
transformations i.e. transformations that act on four-vectors (e.g. four-
momentum) mapping them on some other four-vectors. For instance a
four-momentum of an elementary particle at rest is mapped by certain
boost transformation on a four-momentum of an elementary particle in
motion.

For instance, translation Translation

x0µ = xµ + aµ, (1.30)

where aµ are constant Cartesian components of a four-vector, is a
coordinate transformation that preserves the line element.

All other transformations which preserve the line element and that
are not of the form (1.30) are called Lorentz transformations. The Lorentz
transformations map a zero four-vector on a zero four-vector.
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General condition

A general Lorentz transformation is formally a transformation between
coordinates so it can be written in terms of elements of the Jacobi
matrix5 5 We stress that according to adopted here

convention for elements of the Jacobi ma-
trix Jµ

n := ∂xµ

∂x0n the Lorentz transforma-
tion introduced in (1.31) correspond with
elements of the inverse Jacobi matrix

(J�1)µ
n =

∂x0µ

∂xn =: Lµ
n.

Lµ
n ⌘

∂x0µ

∂xn . (1.31)

The Cartesian components dxµ of the infinitesimal four-vector of posi-
tion in the reference frame S and their components dx0µ in the reference
frame S0 satisfy6

6 Although in this section we consider
dxµ as components of contravariant vec-
tor dxµeµ 2 Tp M the transformation rule
(1.32) of these components has formally
the same form as transformaton of differ-
ential forms dxµ 2 T⇤

p M.

dx0µ = Lµ
ndxn. (1.32)

The transformation (1.31) must be global so it should contain only
constant parameters. The linear element is of the form

ds2 = g(dx, dx) = hµndxµdxn (1.33)

where hµn stands for Cartesian components of the metric tensor in
Minkowski spacetime. Components of the inverse tensor are obtained
from general condition hµahan = d

µ
n . Note that components of both

tensors coincide in Cartesian coordinates i.e.

hµn = diag(1,�1,�1,�1) = hµn.

The condition of the invariance of a linear element, ds02 = ds2, can be
written in the form

hµn(Lµ
adxa)(Ln

bdxb) = habdxadxb.

This condition must be satisfied for any dxa. It is possible if Algebraic condition defining
Lorentz transformations (ten con-
straints)Lµ

aLn
bhµn = hab (1.34)

i.e. when transformation (1.31) is such that it preserves the components of
the metric tensor. It means that universal value of the speed of light in
any inertial reference frame is geometrically represented by condition
of invariance of the interval and algebraically by condition (1.34). Thus
we have

c0 = c| {z }
postulate

, ds02 = ds2
| {z }

geometric condition

, Lµ
aLn

bhµn = hab
| {z }
algebraic condition

.

The expression (1.34) can be written in the matrix form. We define two
matrices with elements given by components of the Lorentz transfor-
mation and components of the metric tensor

L̂ := [Lµ
n], ĥ := [hµn].
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In order to call a given element of the matrix we shall use notation

(L̂)µ
n, (ĥ)µn, . . .

The left index µ numbers lines of matrices and right index n numbers
theirs columns. The transpose matrix L̂T is such that its elements are
given by elements of the Lorentz transformation (L̂T)

µ
n := Ln

µ. The
condition (1.34) takes the form Condition satisfied by Lorentz

matrices
L̂T ĥ L̂ = ĥ, (1.35)

where multiplication of matrices has explicit form7 7 Note that when indices represent lines
and rows of matrices then they might be
on the same level. What really matters
is their positions as number of row and
number of column.

(L̂T ĥ L̂)ab ⌘ (L̂T)a
µ(ĥ)µn(L̂)n

b = Lµ
ahµnLn

b.

Multiplying the condition (1.35) by L̂ĥ�1 from the left we get equation

(L̂ĥ�1 L̂T)ĥ L̂ = L̂

which implies that Alternative form of condition
that defines Lorentz matricesL̂ĥ�1 L̂T = ĥ�1. (1.36)

The condition (1.36) says that Lorentz transformations preserve the
inverse metric tensor. Left hand side of this equation has the from

(L̂ĥ�1 L̂T)µn
⌘ (L̂)µ

a(ĥ
�1)ab(L̂T)

b
n = Lµ

ahabLn
b.

Thus using index notation one gets

Lµ
aLn

bhab = hµn. (1.37)

Conditions (1.35) and (1.36) are equivalent.

Lorentz group

An important fact about Lorentz transformations is that they have
mathematical structure of group. For further convenience we shall recall
definition of abstract group.

Definition. An abstract group G is a set of elements furnished with Abstract group
composition law (or product) defined for every pair of elements of G
and that satisfies:

(a). if g1 and g2 are elements of G, then the product g1g2 is also an
element of G (closure property);

(b). the composition law is associative, that is (g1g2)g3 = g1(g2g3) for
every g1, g2 and g3 2 G;

(c). there exists an unique element e in G called identity element such
that eg = ge = g for every g 2 G;
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(d). for every element g of G, there exists an unique inverse element,
denoted g�1, such that g�1g = gg�1 = e.

In order to show that Lorentz transformations form group we shall
check if they obey all necessary conditions (a-d). The symbol L is
adopted for denoting the Lorentz group.

Ad. (a). Let us consider two successive Lorentz transformations Composition rule

dx0n = (L1)
n

ldxl, dx00µ = (L2)
µ

ndx0n.

A resultant transformation can be cast in the form

dx00µ = (L2)
µ

n(L1)
n

ldxl = (L3)
µ

ldxl (1.38)

i.e. the result of two consecutive Lorentz transformations can be rep-
resented as a single Lorentz transformation (L3)

µ
l. The composition

law (1.38) can be represented in the matrix form

L̂3 = L̂2 L̂1. (1.39)

Thus consecutive changes of inertial frames can be represented by
multiplication of respective Lorentz matrices. The result of any such
multiplication is another Lorentz matrix. The elements of Lorentz
group are given by Lorentz matrices and the composition law is just matrix
multiplication. The closure under multiplication of matrices means
that L̂2 L̂1 2 L for any L̂1, L̂2 2 L.

Ad. (b). The product of any three matrices is associative so certainly Associativity
holds for the Lorentz matrices.

Ad. (c). The unit element of the group is represented by the identity Unit element
matrix

e = 14 (1.40)

i.e. the Lorentz transformation which does not change coordinates
associated with given inertial reference frame.

Ad. (d). The existence of the inverse Lorentz matrix follows from non- Inverse element
vanishing of the determinant of Lorentz matrices. Taking determi-
nant of both sides of relation (1.35) we get det L̂T det ĥ det L̂ = det ĥ

what results in (det L̂)2 = 1 and so det L̂ = ±1. The inverse Lorentz
matrix can be obtained directly from (1.35). Multilpying this relation
from the left by ĥ�1 and from the right by L̂�1 one gets

L̂�1 = ĥ�1 L̂T ĥ (1.41)

which means that with any matrix L̂ there is associated the matrix
L̂�1 such that

L̂�1 L̂ = 14 = L̂L̂�1.
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Note that the equality L̂�1 L̂ = 14 is consistent with (1.35)

L̂�1 L̂ = ĥ�1(L̂T ĥ L̂) = ĥ�1ĥ = 14

whereas the equality L̂L̂�1 = 14 is consistent with (1.36)

L̂L̂�1 = (L̂ĥ�1 L̂T)ĥ = ĥ�1ĥ = 14.

Relation (1.41) can be written in the index notation

(L̂�1)
µ

n = (ĥ�1)µa(L̂T)a
b(ĥ)bn = hµaLb

ahan

and thus Elements of the inverse Lorentz
matrix(L̂�1)

µ
n = hµaLb

ahbn =: L µ
n (1.42)

Note that rising and lowering the indices in (1.42) is (a convenient)
abuse of notation because the Lorentz matrix is not a tensor.8 8 When adopting the symbol L µ

n to de-
note elements of the inverse Lorentz Ma-
trix we must by quite careful with trans-
position of the Lorentz matrix. Note that
(L̂) µ

n 6= (L̂T)µ
n because

[L µ
n ] :=


∂xµ

∂x0n

�

whereas

[Lµ
n]

T :=


∂x0µ

∂xn

�T
=


∂x0n

∂xµ

�
.

The relation (1.36) can be also written in terms of the inverse Lorentz
matrices. Multiplying it by L̂�1 from the left and by (L̂T)�1 from the
right we get expression

L̂�1ĥ�1(L̂�1)T = ĥ�1

which lhs is given by

(L̂�1)
µ

ahab((L̂�1)T)
b

n = (L̂�1)
µ

ahab(L̂�1)n
b = L µ

a habL n
b .

Thus Condition for Lorentz transfor-
mation in terms of elements of
inverse Lorentz matrix

L µ
a L n

b hab = hµn. (1.43)

Classification of Lorentz transformations

Lorentz transformations can be classified in dependence on the sign of
the element L0

0 and the value of determinant of the Lorentz matrix L̂.
Since (detL̂)2 = 1 then determinant of the Lorentz matrix takes

one of two possible values det L̂ = ±1. Setting a = 0 i b = 0 in the
condition (1.34) we get

(L0
0)

2 = 1 +
3

Â
i=1

(Li
0)

2

which gives L0
0 � 1 or L0

0  �1. Transformations with L0
0 � 1 are

called ortochronus L" (preserve direction of time) whereas L0
0  �1

are called anti-ortochronous L#. All proper transformations L+ are given
by det L̂ = 1 whereas improper ones L� have det L̂ = �1. Table below
shows classification of Lorentz transformations.

Note that only proper ortochronous transformations L
"

+ form a
subgroup because they contain unit element (an identity transformation).
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L0
0 � 1 L0

0  �1

det L̂ = +1 L
"

+ boosts, rotations L
#

+ total reflections

det L̂ = �1 L
"

� spatial reflections L
#

� temporal reflecions

Table 1.1: Classification of Lorentz trans-
formations

Reflections

We give here explicit form of Lorentz matrices that describe reflections Reflections
in Minkowski spacetime. Reflections are the simplest transformations
that preserve components of the metric tensor. There are three kinds of
reflections:

• temporal reflections T : (dx0, dx) ! (�dx0, dx),

• spatial reflections P : (dx0, dx) ! (dx0,�dx),

• total reflections TP : (dx0, dx) ! (�dx0,�dx).

Their Lorentz matrices have the form

L̂T =

 
�1 0
0 13

!
, L̂P =

 
1 0
0 �13

!
, L̂TP =

 
�1 0
0 �13

!
.

Rotations

Rotations in three dimensional Euclidean space E3 are given by the set Rotations as Lorentz transforma-
tionsof linear transformations x0i = Rijxj which are orthogonal (R̂T R̂ = 13)

and have determinant equal to unity det(R̂) = 1. When considered as

transformations in Minkowski spacetime, rotations are given by the

Lorentz matrix

L̂ =

0

@ 1 0

0 R̂

1

A (1.44)

which satisfies the condition L̂T ĥ L̂ = ĥ i.e.

0

@ 1 0

0 R̂T

1

A

0

@ 1 0

0 �1

1

A

0

@ 1 0

0 R̂

1

A =

0

@ 1 0

0 �1

1

A .

We shall consider rotations of the coordinate reference frame i.e.
passive rotations. The simplest rotations are given by transformations
that leave invariant one spatial coordinate: Particular rotations
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1. x01 = x1: rotations in the x2x3-plane (around the x1-axis), given by
R1(f1),

2. x02 = x2: rotations in the x3x1-plane (around the x2-axis), given by
R2(f2),

3. x03 = x3: rotations in the x1x2-plane (around the x3-axis). given by
R3(f3),

where

R̂1(f1) =

0

B@
1 0 0
0 cos f1 sin f1
0 � sin f1 cos f1

1

CA (1.45)

R̂2(f2) =

0

B@
cos f2 0 � sin f2

0 1 0
sin f2 0 cos f2

1

CA (1.46)

R̂3(f3) =

0

B@
cos f3 sin f3 0
� sin f3 cos f3 0

0 0 1

1

CA (1.47)

According to Euler’s theorem any rotation can be expressed in terms Euler angles
of three Euler angles. The Euler angles gives three consecutive rotations:

1. Rotation about the x3-axis represented by

R̂3(a) =

0

B@
cos a sin a 0
� sin a cos a 0

0 0 1

1

CA . (1.48)

Figure 1.23: Rotation about the x3-axis.

The x1 and x2 axes are denoted by x01 and x02 after rotation, see
Figure 1.23, and they point out in direction of versors e01 and e02:

e01 = cos a e1 + sin a e2, e02 = � sin a e1 + cos a e2, e03 = e3.

Figure 1.24: Rotation about the x01-axis.

2. Rotation about the x01-axis represented by

R̂1(b) =

0

B@
1 0 0
0 cos b sin b

0 � sin b cos b

1

CA . (1.49)

This transformation gives x02 ! x002 and x03 ⌘ x3 ! x003, see Fig-
ure 1.24. New axes point out in direction of versors e00k :

e001 = e01, e002 = cos b e02 + sin be03, e003 = � sin b e02 + cos be03.
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3.

Figure 1.25: Rotation about the x003-axis.

Rotation about the x003-axis represented by

R̂3(g) =

0

B@
cos g sin g 0
� sin g cos g 0

0 0 1

1

CA . (1.50)

After rotation, see Figure 1.25, new axes x0001, x0002 and x0003 point out
into directions given by versors e000k :

e0001 = cos g e001 + sin g e002 , e0002 = � sin g e001 + cos g e002 , e0003 = e03.

Composition of all three consecutive rotations gives the following
rotation matrix

R̂(a, b, g) := R̂3(g)R̂1(b)R̂3(a) (1.51)

where

R̂(a, b, g) =

0

@
cos a cos g � cos b sin a sin g cos g sin a + cos a cos b sin g sin b sin g
� cos b cos g sin a � cos a sin g cos a cos b cos g � sin a sin g cos g sin b

sin a sin b � sin a sin b cos b

1

A .

It gives transformation from the reference frame {xi} to reference
frame {x000i}. Let us denote Xi ⌘ x000i and Êi ⌘ ê

000

i . Any vector x 2 E3

can be written in the form

x = xi
êi = Xk

Êk (1.52)

where

Xk = (R̂)kixi,

Êk = êj(R̂�1)jk = êj(R̂T)jk.

General form of Lorentz transformations

In this section we shall analyze the form and physical interpretation
of Lorentz transformations.9 Let us consider transformation from the 9 See the original text: H. Arodź, Didac-

tic derivation of the special theory of relativ-
ity from the Klein-Gordon equation, Eur. J.
Phys. 35 (2014) 055015

inertial frame S to another inertial frame S0. The transformation of
coordinates x0µ = Lµ

nxn have the explicit form

x00 = L0
0x0 + L0

jx
j and x0i = Li

0x0 + Li
jx

j. (1.53)

Since L0
0 6= 0 we get

x0 =
1

L0
0

⇣
x00 � L0

jx
j
⌘

.

Plugging this expression into the second formula (1.53) we find

x0i = c
Li

0
L0

0
t0 +

 
Li

j �
Li

0L0
j

L0
0

!
xj. (1.54)
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If the material point remains at rest with relation to the reference frame
S i.e. its spatial coordinates xi are fixed, then a change of its spatial
coordinates x0i as the function of time in the reference frame S0 has
origin in relative motion of frames S and S0. The expression (1.54) gives
the components of the velocity of the reference frame S with relation to
S0 The velocity of the reference

frame S with relation to S0

w0i := c
Li

0
L0

0
. (1.55)

We shall repeat these steps for the inverse Lorentz transformation
xµ = L µ

n x0n i.e. transformation from S0 to S. It has the form

x0 = L 0
0 x00 + L 0

j x0j and xi = L i
0 x00 + L i

j x0j.

Note, that expression (1.42) implies that

L 0
0 = h0aLb

ahb0 = h00L0
0h00 = L0

0 6= 0

what allows to divide by L 0
0 Equality L 0

0 = L0
0

x00 =
1

L 0
0

⇣
x0

� L 0
j x0j

⌘
.

The coordinates xi read

xi = c
L i

0
L 0

0
t +

 
L i

j �

L i
0 L 0

j

L 0
0

!
x0j. (1.56)

If now the material point remains at rest in the reference frame S0 then
x0j are fixed numbers. The change of its coordinates xi in function of
time t in the inertial reference frame S has its origin in relative motion
of S and S0. According to (1.56) the velocity of the frame S0 with relation
to S has components The velocity of the reference

frame S0 with relation to S
vi := c

L i
0

L 0
0

= �c
L0

i
L0

0
(1.57)

where we have used L i
0 = hiaLb

ahb0 = �dijL0
jh00 = �L0

i. Note, that
the generic Lorentz matrix (L̂)µ

n is not symmetric. It follows that in The generic Lorentz matrix is not
symmetricgeneral vi 6= �w0i. The equality takes place for some special cases.

This will be clear from subsequent considerations. Squares of velocities
read10 10 Here Âi vivi ⌘ vivi etc.

vivi = c2 L0
iL

0
i

(L0
0)

2 , w0iw0i = c2 Li
0Li

0
(L0

0)
2 . (1.58)

One gets from (1.37) that L0
iL

0
i = (L0

0)
2 � 1 and similarly from (1.34)

that Li
0Li

0 = (L0
0)

2 � 1. Plugging these results to (1.58) we get Equality of squares of velocities

vivi = c2

 
1 �

1
(L0

0)
2

!
= w0iw0i. (1.59)

Some important conclusions can be drawn from (1.59).
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1. First of all, the equality of squares of velocities vivi = w0iw0i and not
their components, vi 6= �w0i, means that vectors v and w

0 form an
angle different from p.

2. Second, the fact that (L0
0)

2 � 1 implies that |v| < c and |w0| < c.
The existence of velocity v which has modulus smaller that the speed Subluminal character of relative

velocitiesof light c is a consequence o formulas x0µ = Lµ
nxn and Lµ

aLn
bhµn =

hab.

In further part of the text we shall present explicit form of elements of the
Lorentz matrix.

• The form of L0
0 follows directly from (1.59) Element L0

0

L0
0 = ±g (1.60)

where
g :=

1p
1 � b2

, b ⌘ |b|, b :=
v

c
.

• The element L0
j can be obtained from (1.57) and it reads Element L0

j

L0
j = ⌥gbj. (1.61)

• The form of element Li
j follows from expression (1.34) with a = i Element Li

j
and b = j

L0
iL

0
j � Lk

iL
k

j = �dij.

Plugging the above results we can cast it in the form

Lk
iL

k
j = dij + g2bibj. (1.62)

There can be associated a square 3 ⇥ 3 symmetric matrix with ex-
pression (1.62). We define three by three dimensional real matrix Ĥ
which has elements equal to expressions Lk

l i.e. Definition of (Ĥ)ij

(Ĥ)kl := Lk
l .

The expression (1.62) written in matrix form reads

ĤT Ĥ = 13 + g2b ⌦ b.

According to polar decomposition11 of matrices any three by three 11 Polar decomposition can be prrformed
for complex matrices Ẑ = ÛP̂ where
Û†Û = 1 and P̂ is positive-semidefinite
hermitian matrix. The matrix P̂ is unique.
Denotting z := detẐ, r := detP̂ and
eij := detÛ we have z = reij.

matrix can be written as a product of an orthogonal matrix R̂ i.e.
R̂T R̂ = 13 and an symmetric matrix D̂ with non-negative eigenvalues.
Thus plugging expressions

Ĥ = R̂D̂, ĤT = D̂R̂T

into (1.62) one gets
D2

ij = dij + g2bibj. (1.63)
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b is an eigenvector of the matrix D̂2 associated with the eigenvalue
g2:

D2
ijb

j = bi + g2b2bi =
⇣

1 + g2(1 � 1
g2 )
⌘

bi = g2dijb
j.

We can derive explicit form of the matrix D̂ assuming the ansatz

Dij = adij + bbibj

where a and b are two free coefficients. Then taking the square of D̂
one gets

D2
ij = DikDkj = a2dij + (2ab + b2b2)bibj. (1.64)

Comparing (1.64) with (1.63) we get two equations

a2 = 1 and
⇣

1 � 1
g2

⌘
b2 + 2ab � g2 = 0.

They have solutions a = ±1 and b = g2

g2�1 (±g � a). Plugging
expression for b one gets12 12 We do not plug explicit value of a = ±1

in order to avoid confusion with another
(not related with it) sign “±g” in expres-
sion for b.Dij = adij ±

g2

g2 � 1
(g ⌥ a)bibj.

It leads to expression

Dijb
j = abi

±
g2

g2 � 1
b2

| {z }
1

(g ⌥ a)bi = ±gbi (1.65)

independently on the value of a. The negative sign must be rejected
because Dij has, by definition, non-negative eigenvalues. We are
left with two values of a. To get the correct solution we observe
that in the limit bi ! 0 the transformation must tend to the identity
transformation. It means that only a = +1 is correct. Finally we get

Dij = dij +
g2

g + 1
bibj

⌘ dij +
g � 1

b2 bibj. (1.66)

Thus we have the final form of Li
j = RikDkj, where Rik is an orthogo-

nal matrix R̂T R̂ = 13 with (det R̂)2 = 1. The matrix R̂ gives rotations
for det R̂ = +1 and spatial reflections for det R̂ = �1.

• Expression for Li
0 can be obtained from (1.37) for µ = 0 and n = i. Element Li

0
It gives L0

0Li
0 � L0

jL
i

j = 0 and so

Li
0 =

Li
jL

0
j

L0
0

=
(RikDkj)(⌥gbj)

±g
= �gRikbk (1.67)

where we have used (1.65).
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Summarising, we get that the Lorentz matrix13 has the form 13 The “±” sign in (1.68) has origin in
(1.60) and (1.61).

Decomposition of the Lorentz
matrix on temporal reflections,
rotations/spatial reflections and
boosts

(L̂)µ
n =

0

B@
±g ⌥gbj

�gRikbk RikDkj

1

CA

=

0

B@
±1 0

0 dil

1

CA

0

B@
g �gbj

�gRlkbk RlkDkj

1

CA

=

0

B@
±1 0

0 dil

1

CA

0

B@
1 0

0 Rlk

1

CA

0

B@
g �gbj

�gbk Dkj

1

CA . (1.68)

The matrix product (1.68) shows that the general Lorentz transfor-
mation can be decomposed on temporal reflections, rotations/spatial
reflections and boosts. We define two matrices The orthogonal transformation

Ô :=

0

B@
±1 0

0 13

1

CA

0

B@
1 0

0 R̂

1

CA =

0

B@
±1 0

0 R̂

1

CA (1.69)

and The Lorentz boost matrix

L̂(v) :=

0

BBB@

g �gbT

�gb 13 +
g�1
b2 b ⌦ b

1

CCCA
(1.70)

where Ô is a four by four orthogonal matrix, ÔTÔ = 14, and L̂ is
symmetric. L̂(v) represents a transformation that relates two inertial
reference frames that move with respect to each other with constant
velocity (boost transformations). The inverse boost transformation is a
boost with inverted velocity

L̂�1(v) = L̂(�v) (1.71)

where b = v

c . The general Lorentz matrix is the matrix product Polar decomposition of the
Lorentz matrix

L̂ = ÔL̂(v). (1.72)

Expression (1.72) is called polar decomposition of the Lorentz matrix.

Relativistic composition of velocities

Let us consider composition of two Lorentz boosts parametrized by
velocities v1 and v2. We take Ô1 = Ô2 = 14 so

L̂1 = L̂(v1) and L̂2 = L̂(v2).
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The resultant Lorentz transformation is given by a matrix which has
the general form L̂ = L̂2 L̂1. It can be written in the form Composition of two arbitrary

boosts
L̂(v2)L̂(v1) = ÔL̂(v) where v = v(v2, v1) (1.73)

i.e. the order of arguments in v(·, ·) is exactly as in the product of
matrices L̂2(·)L̂1(·). The orthogonal transformation Ô is not an identity
transformation if v1 and v2 are not parallel. The orthogonal matrix Ô

must be some function of velocities v1 and v2 i.e. Ô = Ô(v2, v1). Ô depends on velocities v1 and
v2The matrix which represents composition of boosts is of the form

L̂(v2)L̂(v1) =

0

B@
g2 �g2bT

2

�g2b2 D̂2

1

CA

0

B@
g1 �g1bT

1

�g1b1 D̂1

1

CA

=

0

B@
g1g2(1 + b1 · b2) �g1g2bT

1 � g2bT
2 D̂1

�g1g2b2 � g1D̂2b1 g1g2b2 ⌦ b1 + D̂2D̂1

1

CA .

(1.74)

On the other hand, according to (1.68), this matrix must have the form

Ô(v2, v1)L̂(v) =

0

B@
g �gbT

�gR̂b R̂D̂

1

CA (1.75)

where b = v

c , g = (1 � b2)�1/2. The minus sign, which corresponds
with anti-orthochronous transformations, was excluded in (1.75) be-
cause we consider a composition of two orthochronous transformations
L̂1 and L̂2.

In order to get the resulting velocity v(v2, v1) and the factor g = g(v)
it is enough to study the first line of matrix equality (1.73). Thus,
comparing (1.74) and (1.75) we get

g = g1g2

⇣
1 +

v1 · v2
c2

⌘
(1.76)

and

b =
[g1g2bT

1 + g2bT
2 D̂1]T

g
=

g1g2
g


b1 +

1
g1

D̂1b2

�

=
g1g2

g


b2
g1

+

✓
1 +

g1
g1 + 1

b1 · b2

◆
b1

�
. (1.77)

Multiplying both sides of (1.77) by constant c we get relativistic law for
velocity composition Relativistic composition of veloc-

ities
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v(v2, v1) =
1

1 + v1·v2
c2


v2
g1

+

✓
1 +

g1
g1 + 1

v1 · v2
c2

◆
v1

�
. (1.78)

We shall adopt a symbol “`” for denoting the operation of composition
of velocities

v2 ` v1 ⌘ v(v2, v1). (1.79)

The composition of velocities (1.78) has the following properties:

1. The resultant velocity, obtained from composition of two subluminal Subluminal value of resulting ve-
locityvelocities |v1| < c and |v2| < c, is also subluminal, |v|  c.

2. It is noncommutative Noncommutativity
v2 ` v1 6= v1 ` v2

since v(·, ·) is nonsymmetric in its arguments: v(v2, v1) 6= v(v1, v2).

3. It is nonassociative Nonassociativity

(v1 ` v2) ` v3 6= v1 ` (v2 ` v3).

We shall discuss these properties below.

Ad. 1. The resulting velocity never exceeds the light speed. It can be
seen after taking square of expression b which yields14 14 Exercise: Derive the expression (1.80)

by explicit squaring of both sides of
(1.77).

b2 = 1 �
1

g2 = 1 �
(1 � b2

1)(1 � b2
2)

(1 + b1 · b2)2 . (1.80)

For fixed b2 < 1 and b1 ! 1 the expression (1.80) behaves as

b2
⇡ 1 �

2(1 � b2
2)

(1 + b2 cos a)2
| {z }

fixed

(1 � b1) (1.81)

and it has limit b2 = 1 for b1 ! 1. A similar argument for b1 fixed
and b2 ! 1 gives the same result. In Figure 1.26 we plot the absolute
value of the resulting dimensionless velocity b for anti-parallel and
parallel velocities b1 and b2.

Ad. 2. Noncommutativity of the operation “`” has its origin in the
fact that

[L̂(v1), L̂(v2)] 6= 0

for v1 and v2 not being parallel. If v1 and v2 are parallel15 then the 15 Exercise: Find the form of (1.74) for
parallel velocities.composition of velocities has the form

v =
v1 + v2

1 + v1·v2
c2

(1.82)

and it is symmetric in velocities, v(v2, v1) = v(v1, v2).
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Proof: We take b2 = lb1 what gives

b =
1

1 + b1 · b2


lb1
g1

+

✓
1 +

g1
1 + g1

lb2
1

◆
b1

�

=
1

1 + b1 · b2

"
lb1
g1

+ b1 + l
g1

1 + g1

(g1 � 1)(g1 + 1)
g2

1
b1

#

=
1

1 + b1 · b2


lb1
g1

+ b1 + lb1 �
lb1
g1

�

=
b1 + b2

1 + b1 · b2
. (1.83) (a)

(b)

Figure 1.26: The composition of velocities.
Expression b = |b| where b = b(b2, b1)
for b1 and b2 being (a) anti-parallel and
(b) parallel.

Ad. 3. Let us consider a triple product matrices L̂. Since the matrix
product is associative then we get the identity

⇣
L̂(v1)L̂(v2)

⌘
L̂(v3) = L̂(v1)

⇣
L̂(v2)L̂(v3)

⌘
.

Applying (1.73) to left hand side of this expression we get

LHS = Ô(v1, v2)L̂(v1 ` v2)L̂(v3)

= Ô(v1, v2)Ô(v1 ` v2, v3)L̂ ((v1 ` v2) ` v3) . (1.84)

The right hand side of the identity has the form

RHS = L̂(v1)Ô(v2, v3)L̂(v2 ` v3)

= L̂(v1)Ô(v2, v3)L̂�1(v1)L̂(v1)L̂(v2 ` v3)

= L̂(v1)Ô(v2, v3)L̂�1(v1)Ô(v1, v2 ` v3)L̂(v1 ` (v2 ` v3)).
(1.85)

The matrix Orthogonal matrix
Ô(v1, v2)Ô(v1 ` v2, v3)

is orthogonal so the expression (1.84) constitutes the polar decompo-
sition of the Lorentz matrix obtained as triple composition of boosts
L̂(v1)L̂(v2)L̂(v3). On the other hand (1.85) is a polar decomposition
only if Not necessarily orthogonal ma-

trixL̂(v1)Ô(v2, v3)L̂�1(v1)

is an orthogonal matrix. It turns out that for a general directions of
velocities v1, v2 and v3 this expression is not an orthogonal matrix. If it
was orthogonal then (1.85) would provide the polar decomposition of
the Lorentz matrix. Taking into account that the polar decomposition is
unique one would conclude that the composition of velocities would
be associative (arguments of Lorentz matrices i.e. (v1 ` v2) ` v3 in
(1.84) and v1 ` (v2 ` v3) in (1.85) would be the same). If the matrix
Ô(v2, v3) would be an identity matrix then L̂(v1)Ô(v2, v3)L̂�1(v1)

would be also an identity matrix which would lead to polar decom-
position and associativity of composition of velocities. We conclude
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that the main reason of non-associativity of such decomposition is
the presence of matrix Ô(v2, v3). The presence of this matrix means Composition of two boosts is not

a boost in generalitythat, in general, composition of two Lorentz boosts is not a boost.

Generators of the Lorentz group

Proper orthochronous Lorentz transformations constitute a subgroup (we Restriction to L
"

+

shall call it “the Lorentz group”) of the most general Lorentz group. It
can be verified by checking all necessary conditions, namely,

1. L̂2 L̂1 2 L
"

+, for L̂1, L̂2 2 L
"

+;

2. L̂3(L̂2 L̂1) = (L̂3 L̂2)L̂1;

3. there exists an unit element e = 14;

4. for any element L̂ 2 L
"

+ there exist exactly one element L̂�1 such
that L̂�1 L̂ = L̂L̂�1 = 14.

The Lorentz group is a special orthogonal group denoted by SO(1, 3).
It is an example of Lie group (continuous group). Each element of this
group can be written as the exponential

L̂ = exp(±Ŵ) ⌘
•

Â
n=0

1
n!
(±Ŵ)n. (1.86)

The (±) sign in (1.86) allows us to distinguish active (+) and passive
(�) transformations. In this section we shall consider only passive trans-
formations. Note that any finite Lorentz transformation can be expressed
as a composition of infinitely many infinitesimal transformations Composition of infinitely many

infinitesimal transformations

L̂ = lim
n!•

 
1 ±

Ŵ
n

!n

= lim
n!•

n

Â
k=0

n!
k!(n � k)!

(±Ŵ)k

nk

= lim
n!•

n

Â
k=0

1
k!
(n � k + 1) · · · (n � 1)n

nk (±Ŵ)k

=
•

Â
k=0

1
k!
(±Ŵ)k. (1.87)

In odder to study the Lie algebra associated with the group SO(1, 3)
we look at condition (1.34) when transformations are infinitesimal. It
can be put in the form

L̂T ĥ = ĥ L̂�1

where L̂T ⌘ exp(�ŴT) and L̂�1 ⌘ exp(Ŵ). Then plugging the series
expansions we have


14 � ŴT +

1
2
(ŴT)2 + . . .

�
ĥ = ĥ


14 + Ŵ +

1
2

Ŵ2 + . . .
�

. (1.88)
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Equation (1.88) must be satisfied in all orders of expansion. In the zero
order (1.88) reduces to equality ĥ = ĥ, so there is no condition on Ŵ.
Such a condition appears in the first order of expansion

�(ĥŴ)T = ĥŴ (1.89)

where we have used the property ĥT = ĥ. Thus (1.89) implies that Antisymmetric matrix

ŵ := ĥŴ

is an antisymmetric matrix ŵT = �w. This matrix has components

wµn = hµaWa
n. (1.90)

Since the matrix ŵ is antisymmetric and real-valued then it has six
independent elements. These elements can be chosen in the following 4(4�1)

2 = 6 independent free pa-
rametersway

ŵ =

0

BBB@

0 y1 y2 y3

�y1 0 f3 �f2

�y2 �f3 0 f1
�y3 f2 �f1 0

1

CCCA
(1.91)

and so the matrix Ŵ reads

Ŵ = ĥ�1ŵ =

0

BBB@

0 y1 y2 y3

y1 0 �f3 f2

y2 f3 0 �f1
y3 �f2 f1 0

1

CCCA
. (1.92)

The matrix (1.91) can be represented in the form of linear combination
containing matrices associated with generators of boosts K̂k and generators
of rotations Ĵk Expansion on generators

Ŵ = �i
3

Â
k=1

K̂k yk � i
3

Â
k=1

Ĵk fk. (1.93)

There are three generations of boosts that are anti-hermitian, K̂† = �K̂. Generators of boosts
They have the form

K̂1 :=

0

BB@

0 i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

1

CCA K̂2 :=

0

BB@

0 0 i 0
0 0 0 0
i 0 0 0
0 0 0 0

1

CCA K̂3 :=

0

BB@

0 0 0 i
0 0 0 0
0 0 0 0
i 0 0 0

1

CCA

Similarly, there are three generators of rotations that are hermitian, Generators of rotations
Ĵ† = Ĵ. They have the form

Ĵ1 :=

0

BB@

0 0 0 0
0 0 0 0
0 0 0 �i
0 0 i 0

1

CCA Ĵ2 :=

0

BB@

0 0 0 0
0 0 0 i
0 0 0 0
0 �i 0 0

1

CCA Ĵ3 :=

0

BB@

0 0 0 0
0 0 �i 0
0 i 0 0
0 0 0 0

1

CCA .
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The Lie algebra of the SO(1, 3) group is given by commutation relations
of generators Ĵk and K̂k: Lie algebra of SO(1, 3)

[ Ĵi, Ĵj] = ieijk Ĵk, (1.94)

[ Ĵi, K̂j] = ieijkK̂k, (1.95)

[K̂i, K̂j] = �ieijk Ĵk. (1.96)

Any element Ŵ of the Lie algebra of SO(1, 3) can be represented as
contraction of the matrix elements wµn := (ŵ)µn where

w0i = �wi0 := yi and wij = eijkfk. (1.97)

with elements of an antisymmetric matrix Mµn = �Mnµ with compo-
nents being generators

M0i = �Mi0 := K̂i Mij := eijk Ĵk. (1.98)

Let us check:

1
2

wµn Mµn =
1
2
(w0i M0i + wi0Mi0) +

1
2

wij Mij

= yiK̂i +
1
2

eijkeijl| {z }
2dkl

fk Ĵl

= yiK̂i + fk Ĵk = iŴ. (1.99)

The passive Lorentz transformations L̂ = exp(�Ŵ) can be cast in the
form

L̂ = exp
✓

i
2

wµn Mµn
◆

. (1.100)

Note, that elements of Mµn are generators in the matrix realisation.
In order to get components of these generators we need another pair of
Lorentz indices. The generators Mµn have components16 16 Exercise: check it by explicit calcula-

tion.

(Mµn)a
b = har(Mµn)rb = ihar(d

µ
r dn

b � d
µ
b dn

r)

then Components of Lorentz group
generators(Mµn)a

b = i(haµdn
b � hand

µ
b). (1.101)

In particular, the generators K̂i and Ĵi have the form

(K̂i)
a

b = (M0i)a
b = i(ha0di

b � haid0
b),

( Ĵi)
a

b = (Mij)a
b = i(haid

j
b � hajdi

b).
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Plugging (1.101) into (1.100) one gets

exp
✓

i
2

wµn(Mµn)a
b

◆
= exp

✓
�

1
2

wµnhar(d
µ
r dn

b � d
µ
b dn

r)

◆

= exp
✓
�

1
2

har(wrb � wbr)

◆

= exp
�
�harwrb

�
= exp

⇣
�Wa

b

⌘
.

The commutation relations (1.94)- (1.96) can be represented17 by a 17 Exercise.

single commutator containing generators Mµn
Lorentz algebra

[Mµn, Mrs] = i (hnr Mµs
� hµr Mns + hµs Mnr

� hns Mµr) . (1.102)

In order to proof this expression we express the generators Mµn in
terms of their elements.
Proof.

([Mµn, Mrs])a
b = (Mµn Mrs)a

b � (Mrs Mµn)a
b

= (Mµn)a
l(Mrs)l

b � (Mrs)a
l(Mµn)l

b

= i2(haµdn
l � hand

µ
l)(h

lrds
b � hlsd

r
b)

� i2(hards
l � hasd

r
l)(h

lµdn
b � hlnd

µ
b)

= i2(haµhnrds
b � haµhnsd

r
b � hanhµrds

b + hanhµsd
r
b

� harhsµdn
b + harhsnd

µ
b + hashrµdn

b � hashrnd
µ
b)

= ihnr

(Mµs)a
bz }| {

[i(haµds
b � hasd

µ
b)]�ihµr

(Mns)a
bz }| {

[i(hands
b � hasdn

b)]

+ ihµs [i(hand
r
b � hardn

b)]
| {z }

(Mnr)a
b

�ihnr [i(haµd
r
b � hard

µ
b)]| {z }

(Mµr)a
b

.

Boost in direction of the x1-axis

We consider the Lorentz boost with y1 ⌘ y and y2 = y3 = 0. In such a
case the boost transformation L̂(y) is generated by K̂1 and it reads

L̂(y) = exp(iyK̂1) = 14 +
•

Â
n=1

(�y)n

n!

0

BBB@

0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

1

CCCA

n

= 14 +

0

BBB@

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

1

CCCA

•

Â
k=1

y2k

(2k)!
| {z }
cosh(y)�1

+

0

BBB@

0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

1

CCCA

•

Â
k=1

(�y)2k�1

(2k � 1)!
| {z }

� sinh(y)

.
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This expression is equal to the Lorentz matrix of the boost transforma-
tion in direction x1

L̂(y) =

0

BBB@

cosh(y) � sinh(y) 0 0
� sinh(y) cosh(y) 0 0

0 0 1 0
0 0 0 1

1

CCCA
. (1.103)

The parameter y is called rapidity and has following relation with the Rapidity parameter
velocity of the inertial frame S0 in S

b = tanh(y). (1.104)

One gets in this parametrisation

cosh(y) =
cosh(y)q

cosh2(y)� sinh2(y)
=

1p
1 � b2

= g (1.105)

and
sinh(y) = tanh(y) cosh(y) = bg. (1.106)

The presence of hyperbolic functions allows to interpret the Lorentz
boost as hyperbolic rotation in Minkowski spacetime.

The composition of two parallel velocities can be represented by their Composition of parallel veloci-
tiesrapidities. We choose axes x1 and x01 in direction of velocities . The

composition of two successive boosts with rapidities y1 and y2 gives

dx00µ = Lµ
a(y2)dx0a = Lµ

a(y2)La
n(y1)dxn = Lµ

n(y)dxn. (1.107)

which can be written as a product of two Lorentz matrices

L̂(y2)L̂(y1) = L̂(y). (1.108)

Equation (1.108) has explicit form
0

BBB@

A �B 0 0
�B A 0 0

0 0 1 0
0 0 0 1

1

CCCA
=

0

BBB@

cosh(y) � sinh(y) 0 0
� sinh(y) cosh(y) 0 0

0 0 1 0
0 0 0 1

1

CCCA

where

A = = cosh y1 cosh y2 + sinh y1 sinh y2 = cosh(y1 + y2)

B = sinh y1 cosh y2 + cosh y1 sinh y2 = sinh(y1 + y2).

It allows to obtain the function y = y(y2, y1). We conclude that
composition of two boosts in a given direction results is an usual sum
of their rapidities The addition of rapidities

y = y1 + y2. (1.109)
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It allows to obtain the resulting velocity b = tanh(y) in dependence on
velocities b1 tanh(y1) and b2 = tanh(y2) The composition of velocities

b = tanh(y1 + y2) =
sinh y1 cosh y2 + cosh y1 sinh y2
cosh y1 cosh y2 + sinh y1 sinh y2

=
tanh y1 + tanh y2

1 + tanh y1 tanh y2
=

b1 + b2
1 + b1b2

. (1.110)

Rotation in the x2x3–plane

Let us consider a rotation generated by Ĵ1. The parameter of this
rotation is denoted by f1 ⌘ f. The other parameters are set zero,
f2 = f2 = 0. The exponential form can be transformed in following
way

L̂(f) = exp(if Ĵ1) = 14 +
•

Â
n=1

(�f)n

n!

0

BBB@

0 0 0 0
0 0 0 0
0 0 0 �1
0 0 1 0

1

CCCA

n

.

(1.111)

Since the matrix

Ĉ :=

 
0 �1
1 0

!
(1.112)

has properties Ĉ2k = (�1)k 12 and Ĉ2k�1 = (�1)k�1Ĉ
one gets

L̂(f) = 14 +

0

BBB@

0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

1

CCCA

•

Â
k=1

(�1)k y2k

(2k)!
| {z }

cos(f)�1

+

0

BBB@

0 0 0 0
0 0 0 0
0 0 0 �1
0 0 1 0

1

CCCA

Â•
l=0(�1)l (�f)2l+1

(2l+1)!z }| {
•

Â
k=1

(�1)k�1 (�f)2k�1

(2k � 1)!
| {z }

� sin(f)

.

The the Lorentz matrix L̂(f) reads

L̂(f) =

0

BBB@

1 0 0 0
0 1 0 0
0 0 cos f sin f

0 0 � sin f cos f

1

CCCA
. (1.113)

The parameter f has interpretation of angle of rotation in the x2x3–plane.
Note that the composition of two rotations in the x2x3-plane given

by matrices L̂(f1) and L̂(f2) is a rotation with matrix L̂(f) such that

L̂(f2)L̂(f1) = L̂(f) (1.114)
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where f = f1 + f2. The addition of angles of rotations follows from

cos(f1) cos(f2)� sin(f1) sin(f2) = cos(f1 + f2)

sin(f1) cos(f2) + cos(f1) sin(f2) = sin(f1 + f2).

1.4 Poincaré group

Basic notions on the Poincaré group

The Lorentz group L is parametrised by six parameters. It does not
contain translations. The extension of the Lorentz group which includes
translations is called the Pioncaré group P . The contravariant compo-
nents a four-vector transform under the Poincaré transformation in the
following way Poincaré transformation

x0µ = Lµ
axa + aµ (1.115)

where Lµ
a are components of the Lorentz matrix and aµ are constant

components of a four-vector a. A given four vector x has components
xµ in S and x0µ in S0. When considering (1.115) as passive transformation
(our case) the reference frame S0 experiences translation by the vector
“�a” in S.

Figure 1.27: Henri Poincaré (1854-1912).

Each element of the Poincaré group P̂ 2 P can be represented by a
pair

P̂ := (L̂, a) (1.116)

where L̂ 2 L
"

+ is an element of the proper orthochronous group and
a 2 T4 is a constant four-vector (element of the translation group in four
dimensions). The composition of two Poincaré transformations can be
deduced from transformations of coordinates of reference frames S, S0

and S00. Let xµ, x0µ and x00µ be components of certain four–vector x in
the inertial reference frames S, S0 and S00. Components of x00µ can be
obtained either from components of x0µ or xµ. One gets

x00µ = (P̂2x0)µ = (P̂2(P̂1x))µ = ((P̂2P̂1)x)µ (1.117)

where we have used notation18 18 When the Poincaré transformations act
in active way then P̂nx is a new four-
vector. In our case (passive transforma-
tions) the symbol P̂nx must be used care-
fully, otherwise it may be confusing.

(P̂nx)µ
⌘ (L̂n)

µ
axa + aµ

n

i.e. P̂nx represents transformation of components of a four-vector. One
gets from (1.117) that Composition of Poincaré trans-

formations
x00µ = (L̂2)

µ
ax0a + aµ

2 = (L̂2)
µ

a[(L̂1)
a

nxn + aa
1 ] + aµ

2

= (L̂2 L̂1)
µ

nxn + (L̂2)
µ

aaa
1 + aµ

2 . (1.118)
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Expression (1.118) gives the following rule of composition of the Poincaré
transformations

(L̂2, a2)(L̂1, a1) = (L̂2 L̂1, L̂2a1 + a2). (1.119)

In order to show that the Poincaré transformations form a group we
have to check if they satisfy all necessary requirements.

1. The composition rule (1.119) assures that P̂2P̂1 2 P for any two Composition rule
elements P̂1, P̂2 2 P .

2. The composition of any three Poincaré transformations is associative Associativity
i.e.

P̂3(P̂2P̂1) = (P̂3P̂2)P̂1. (1.120)

Indeed, the l.h.s. of (1.120) reads

P̂3(P̂2P̂1) = (L̂3, a3)(L̂2 L̂1, L̂2a1 + a2)

= (L̂3 L̂2 L̂1, L̂3 L̂2a1 + L̂3a2 + a3)

whereas the r.h.s. of (1.120) is of the form

(P̂3P̂2)P̂1 = (L̂3 L̂2, L̂3a2 + a3)(L̂1, a1)

= (L̂3 L̂2 L̂1, L̂3 L̂2a1 + L̂3a2 + a3).

3. The identity element is given by a pair Identity element

e := (14, 0) (1.121)

and it satisfies

eP̂ = (14, 0)(L̂, a) = (14 L̂,14a + 0) = P̂,

P̂e = (L̂, a)(14, 0) = (L̂14, L̂ 0 + a) = P̂.

4. The inverse element has the form Inverse element

P̂�1 := (L̂�1,� L̂�1a). (1.122)

It obeys

P̂�1P̂ = (L̂�1,�L̂�1a)(L̂, a) = (L̂�1 L̂, L̂�1a � L̂�1a) = (14, 0) = e,

P̂P̂�1 = (L̂, a)(L̂�1,�L̂�1a) = (L̂L̂�1,�L̂L̂�1a + a) = (14, 0) = e.

Each element of the Poincaré group possesses unambiguous decom-
position into product of elements such that one of them belongs
to the four-dimensional group of translations (I4, a) 2 T4 and the
other one is an element of the proper orthochronous Lorentz group
(L̂, 0) 2 L

"

+. It can be written in the form Decomposition on translations
and boosts
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(L̂, a) = (14, a)(L̂, 0). (1.123)

Note that he order of elements does matter since The Poincaré group as a semidi-
rect product of T4 and L

"

+(L̂, 0)(14, a) = (L̂, L̂a) 6= (L̂, a).

The form of the decomposition (1.123) indicates that the Poincaré
group is a semidirect product of T4 group and L

"

+ group. 19 19 For a direct product of groups it would
be (L̂2, a2)(L̂1, a1) = (L̂2 L̂1, a1 + a2) what
has no reflection in the composition rule
(1.119).

The Poincaré group constitutes a very important concept in theoreti-
cal physics. It is a symmetry group of each relativistic field theory.

The Poincaré algebra

The Poincaré algebra is given by commutation relations involving genera-
tors of translations Pµ and generators of the Lorentz transformations
Mµn. The commutator [Mµn, Mrs] is given by (1.102). We still need to
get commutators [Pµ, Pn] and [Pl, Mµn]. Note that although Mµn can be
realised as a matrix (for each fixed µ and n we have one such matrix) we
do not have a matrix form form for generators Pµ. For this reason com-
mutators of generators are just Lie brackets – they are antisymmetric
compositions (but not matrix products) of these generators.

The infinitesimal Poincaré transformation for a = 0 (the Lorentz trans-
formation) has the form

(L̂, 0) = exp
✓

i
2

wµn Mµn
◆
= 1+

i
2

wµn Mµn +O(w2). (1.124)

Pairs (L̂, 0) can be identified with exponentials exp
⇣

i
2 wµn Mµn

⌘
because

they are two equivalent realisations of the abstract group SO(1, 3).
Similarly, the infinitesimal Poincaré transformation for L̂ = 1 (pure
translation) is given by

(1, a) = exp
�
iaµPµ� = 1+ iaµPµ +O(a2). (1.125)

Let us consider the following equality Composition of translations

(1, b)(1, a)(1, b)�1 = (1, a). (1.126)

For a and b being infinitesimal this equality takes the form

(1+ ibµPµ)(1+ ialPl)(1� ibnPn) = 1+ ialPl.

The l.h.s. of the last equality reads

LHS = 1+���ibµPµ + ialPl
����ibnPn + i2bµalPµPl

� i2bnalPlPn +O(b2)

= 1+ i2bµan[Pµ, Pn] +O(b2).

The l.h.s. contains term proportional to bµan whereas the r.h.s. does
not. Thus the generators of translations commute [Pµ, Pn] = 0 which is
necessary condition for satisfying the equality (1.126).
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In order to compute the commutator [Pl, Mµn] we consider an ele- Composition of translations and
boostsment of the Poincaré group (L̂, L̂a) which can be written in two equiva-

lent ways
(L̂, 0)(1, a) = (1, L̂a)(L̂, 0).

Multiplying by (L̂, 0)�1 we get

(L̂, 0)(1, a)(L̂, 0)�1 = (1, L̂a) (1.127)

Expanding l.h.s. of (1.127) up to linear terms in wµn and al we get

LHS = (1+ i
2 wµn Mµn)(1+ ialPl)(1�

i
2 wab Mab)

= 1+ ialPl +
�����i
2

wµn Mµn
�
�����i
2

wab Mab +
i2

2
wµnar[Mµn, Pr] +O(w2).

The r.h.s. of the equality (1.127) reads

RHS = 1+ i(L̂a)lPl = 1+ i(dl
r + i

2 wµn(Mµn)l
r)arPl

= 1+ ialPl +
i3

2
arwµn(h

lµdn
r � hlnd

µ
r )Pl

= 1+ ialPl +
i2

2
arwµn[�i(hµrPn

� hnrPµ)].

Comparing terms proportional to arwµn we get commutation relation

[Pr, Mµn] = i(hµrPn
� hnrPµ).

Summarising, we have seen that the Poincaré algebra consists on the Poincaré algebra of generators of
the Poincaré groupfollowing commutation relations

[Pµ, Pn] = 0, (1.128)

[Pr, Mµn] = i(hµrPn
� hnrPµ), (1.129)

[Mµn, Mrs] = i (hnr Mµs
� hµr Mns + hµs Mnr

� hns Mµr) . (1.130)

1.5 Meaning of Special Theory of Relativity
1. New concept of space and
time

2. Unification of energy and mo-
mentum in one structure

3. Unification of electricity and
magnethism

The Special Theory of Relativity is an extremely important achievement
in theoretical physics. First, this theory has changed our way of thinking
about space and time. Time is no longer considered as a parameter,
instead, it has been promoted to the status of coordinate. In this
sense, time is not absolute. In consequence, simultaneity became an
observer dependent concept. Second, the theory of relativity unified
the principles of conservation of energy and momentum into one law -
conservation of four-momentum. Third, the formalism of the Special
Theory of Relativity allowed us for full unification of electricity and
magnetism. Electric and magnetic phenomena are manifestations of
the dynamics of a single structure – the electromagnetic field. Finally,
this theory gives the speed of light new status – universal constant.
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Exercices

1. Derive the Lorentz matrix for transformation describing uniform motion of
two inertial frames with parallel axes. The reference frame S0 has velocity
V = Ve1 with respect to S.

The coordinates x0 and x1 transform so we expect that Lorentz matrix
is of the form

Lµ
n =

0

BBB@

L0
0 L0

1 0 0
L1

0 L1
1 0 0

0 0 1 0
0 0 0 1

1

CCCA
. (1.131)

The metric tensor is preserved by the Lorentz transformation. It
gives three conditions

(L0
0)

2
� (L1

0)
2 = 1, (1.132)

(L1
1)

2
� (L0

1)
2 = 1, (1.133)

L0
0L0

1 � L1
0L1

1 = 0. (1.134)

Two first conditions can be solved immediately using appropriate
parametrisation

L0
0 = cosh y, L1

0 = � sinh y,

L1
1 = cosh y0, L0

1 = � sinh y0.

The last condition leads to tanh y0 = tanh y, which implies that
y0 = y. The meaning of parameter y can be obtained from world
line of the inertial observer S0. In its own reference frame the world
line is described by condition dx01 = 0. This condition can be cast in
the form

L1
0dx0 + L1

1dx1 = 0.

The world line of the observer S0 in the reference frame of the
observer S is given by dx1 = bdx0. Plugging this expression to the
last equation we get

L1
0

L1
1
+ b = 0 ) tanh y = b.

Note that

L0
0 = L1

1 =
cosh yq

cosh2 y � sinh2 y
=

1q
1 � tanh2 y

=
1p

1 � b2
⌘ g.

The remaining parameters can be obtained as follows

L1
0 = L0

1 = � sinh y = � cosh y tanh y = �bg.
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Finally we get the Lorentz matrix:

(L̂)µ
n =

0

BBB@

g �bg 0 0
�bg g 0 0

0 0 1 0
0 0 0 1

1

CCCA
(1.135)

2. Find the general form of the Lorentz boost for velocity b = bi
ei, where

i = {1, 2, 3}, generalising a boost transformation in direction of the x1–
axis.

First of all we note that the form of particular transformation suggests
that spatial components of the four-vector perpendicular to the
velocity vector does not change under the transformation i.e.

dx00 = g(dx0
� bdxk) (1.136)

dx
0

k
= g(dxk � bdx0) (1.137)

dx
0

?
= dx? (1.138)

where b ⌘ |b|. Any vector dx can be decomposed on components
parallel and perpendicular to the vector b:

dx =
b(dx · b)

b2
| {z }

dxk

+
b ⇥ (dx ⇥ b)

b2
| {z }

dx?

. (1.139)

Since bdxk = b · dx then

dx00 = g(dx0
� b · dx). (1.140)

The spatial part dx
0 of the four-vector dx0µ reads

dx
0 = dx

0

k
+ dx

0

?

= dx
0

k
+ dx?

= g(dxk � bdx0) + dx?

= g(dxk � bdx0) + dx � dxk

= dx � gbdx0 +
g � 1

b2 (b · dx)b (1.141)

The expression dx0µ = Lµ
ndxn implies that

dx00 = L0
0dx0 + L0

jdxj, (1.142)

dx0i = Li
0dx0 + Li

jdxj. (1.143)

Expressions (1.140) and (1.141) can be written in the form

dx00 = gdx0
� gbjdxj,

dx0i = �gbidx0 +


dij +

g � 1
b2 bibj

�
dxj.
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Comparing this with (1.142) and (1.143) we find that

L0
0 = g L0

i = Li
0 = �gbi Li

j = dij +
g � 1

b2 bibj (1.144)

Lµ
n =

 
L0

0 L0
j

Li
0 Li

j

!
.

3. Find the rule of composition of parallel velocities

It is enough to restrict our considerations to a pair of coordinates
(x0, x1). The inertial reference frameS0 moves along axis x1 with
constant velocity V. Let v ⌘

dx1

dt be the velocity of certain massive
particle in S and v0 ⌘ dx01

dt0 its velocity in S0. The Inverse transforma-
tion is given by (L�1)

µ
n and it is of the form

dx0 = gdx00 + gbdx01 dx1 = gbdx00 + gdx01.

It gives

dx0 = g

✓
1 + b

dx01

dx00

◆
dx00 = g

✓
1 +

Vv0

c2

◆
dx00

dx1 = g

✓
b +

dx01

dx00

◆
dx00 =

g

c
�
V + v0

�
dx00

The velocity of the particle measured in S reads

v = c
dx1

dx0 =
V + v0

1 + Vv0
c2

. (1.145)

This form formula is meaningful also for photons v0 = c. The photon
velocity in S reads

v =
V + c
1 + V

c
= c.

It reflects the fact that the speed of light has universal character.


